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Abstract 

In this paper, we study the relation between topological orders and their gapped bonnd- 
aries. We propose that the bnlk for a given gapped boundary theory is unique. It is actually 
a consequence of a microscopic definition of a local topological order, which is a (potentially 
anomalous) topological order defined on an open disk. Using this uniqueness, we show that 
the notion of “bulk” is equivalent to the notion of center in mathematics. We achieve this 
by first introducing the notion of a morphism between two local topological orders of the 
same dimension, then proving that the bulk satisfying the same universal property as that 
of the center in mathematics. We propose a classification (formulated as a macroscopic def¬ 
inition) of n-|-lD local topological orders by unitary multi-fusion n-categories, and explain 
that the notion of a morphism between two local topological orders is compatible with that 
of a unitary monoidal n-functor in a few low dimensional cases. We also explain in some low 
dimensional cases that this classification is compatible with the result of “bulk = center”. 
In the end, we explain that above boundary-bulk relation is only the first layer of a hierar¬ 
chical structure which can be summarized by the functoriality of the bulk (or center). This 
functoriality also provides the physical meanings of some well-known mathematical results 
on fusion 1-categories. This work can also be viewed as the first step towards a systematic 
study of the category of local topological orders, and the boundary-bulk relation actually 
provides a useful tool for this study. 
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1 Introduction 

In this work, we study the boundary-bulk relation of local topological orders in any dimensions 
via higher categories. We avoid a lengthy introduction to topological orders |W89] . Instead, we 
direct readers to many online resources for this vast and fast-growing topics (see for example 
a long list of physics references in [KW] i. A local topological order is a potentially anomalous 
topological order on the open n-disk D" as the space manifolcH (see Def. l2.ll and Remark r2.261 
I2.27p . Since we only study local topological orders in this work, unless specified otherwise, we 
abbreviate “a local topological order” to “a topological order” throughout this work without 
further announcement. 

There are at least two types of problems to study in the field of topological orders. The first 
type is to construct and classify all topological orders. The second type is to study relations 
among all topological orders, such as phase transitions. To study all these relations among all 
topological orders as a whole amounts to study the category TO of (simple) topological orders. 
The topological orders of the same space-time dimension n, or nD topological orders, form an 

^It can be viewed as a TQFT restricted to an open disk in the sense of Morrison-Walker IMWI IWal . 
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obvious subcategory of TO, denoted by T0„. There are many natural but in-equivalent definitions 
of T0„. In this work, three different and in-equivalent definitions ‘JO^Josed-ujai/^ T0{“" and T0““*^ 
appear. 

One type of relation that is important in physics is the relation between the boundary physics 
and the bulk physics. Mathematically, the boundary-bulk relation for topological orders with 
gapped boundaries is a relation between TO„ and TO„+i (in some sense a functor T0„ —> TO„+i 
see Sec. El). All three definitions of T0„ play interesting roles in this relation. This work can also 
be viewed as the first step towards a systematic study of the category TO„. The boundary-bulk 
relation actually provides a useful tool for this study. 

The topological excitations on gapped boundaries were first studied in the 2-l-lD toric code 
model l [Kil) l by Bravyi and Kitaev in [BKj . It was latter generalized to Levin-Wen models 
('[LeW]l with gapped boundaries in IKK], where the topological excitations on a boundary of 
such a lattice model were shown to form a unitary fusion 1 -category C, and those in the bulk 
form a unitary braided fusion 1-category which is given by the Drinfeld center ^ 2 ( 6 ) of C (see 
also [LaWj l. But this work does not address the question if the bulk theory for a given boundary 
theory is unique. In [FSVlj . it was shown model-independently that among all possible bulks 
associated to the same boundary theory C, the bulk given by ^ 2 ( 6 ) is the universal one (a 
terminal object). One way to complete the proof of the uniqueness of the bulk is to view the 
gapped boundary as a consequence of anyon condensation |BS| of a given bulk theory V to the 
trivial phase. This idea leads to a classification of gapped boundaries for abelian topological 
theories [KSll IQ |BJQ| . This result, together with results in [FSV1] . implies the uniqueness of 
the bulk for abelian topological theories. The proof for general 2-l-lD topological orders appeared 
in the mathematical theory of anyon condensation developed in [Ko2] . in which it was shown 
that such a condensation is determined by a Lagrangian algebra A in 2), and C is monoidally 
equivalent to the category T>a of A-modules in dH Moreover, we have Z 2 ( 2 )a) — This 
completes the proof of a part of the bulk-boundary relation in 3D, which says that the 3D bulk 
theory 2) of a given 2D boundary C is unique and given by the Drinfeld center of 6 . 

Does this bulk-boundary relation hold in higher dimensions? The gapped boundary of a non¬ 
trivial topological order should be viewed as an anomalous topological order. Following [CGWj . a 
microscopic definition of anomalous topological order was proposed in [KW] (see a refined version 
in Def. l2.1l) . It follows immediately from this definition that the bulk of a given gapped boundary 
must be unique |KW[ Sec.VII.C]. But this result is highly non-trivial from a macroscopic point of 
view. Macroscopically, up to invertible topological orders |KW) . the local order parameters of a 
topological state of matter are given by the fusion-braiding (and spins) properties of its topological 
excitations in the open disk. A complete set of these local order parameters uniquely determines 
the universal class of the topological state up to invertible topological orders. Therefore, all 
such sets should give a classification of all topological orders up to invertible topological orders. 
Since higher categories can encode the fusion-braiding properties of excitations in an efficient way 
[KWj . this idea leads us to propose a classification of n-l-lD topological orders by unitary multi- 
fusion n-categories (see Def. l2.4ll . For convenience, we formulate this classification proposal as 
a macroscopic definition of an n-|-lD topological order (see Def. l2.2lTl . Whether the microscopic 
definition is equivalent to the macroscopic one is a highly non-trivial and important open problem. 
For this reason, we would like to refer to the uniqueness of the bulk for a given gapped boundary 
as the unique-bulk hypothesis, and the unique bulk is denoted by bulk . One of the main goals 
of this work is to prove, assuming the unique-bulk hypothesis, that the bulk of a given gapped 
boundary is the center of the boundary theory in a mathematical sense. This result does not 
depend on how we define a topological order precisely. 

®In |Ko2| . the bootstrap analysis shows that C must be a sub-fusion-category of "Da, and the boundary-bulk 
relation was used as a supporting evidence for 6 = Da- But it is just physically natural that all possible quasi¬ 
particles that can be confined on the boundary, i.e. objects in D^, should all survive on the boundary after the 
condensation. In other words, C = Da is a natural physical requirement. 
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The main idea of our proof is to introduce the notion of a morphism between two topo¬ 
logical orders (see Def. l4.3l) . This notion is defined physically and independent of any micro¬ 
scopic/macroscopic definition of a topological order, but can be viewed as a special physical 
realization of a unitary (n-l-l)-functor (see Def. lA.9l) . All simple n-|-lD topological orders to¬ 
gether with such morphisms defines the category TO^™. Using such morphisms, we are able to 
show in Sec. lb.ll that the bulk satisfies the same universal property as that of the center (of an 
algebra) in mathematics. By assuming that the new morphism coincides with usual notions of 
morphisms in mathematics, we obtain that the bulk coincides with the usual notion of center (see 
Sec.lOI). Conversely, by assuming bulk = center, we also show that our new notion of a mor¬ 
phism is compatible with usual notions of morphisms in mathematics in a few low dimensional 
cases (see Sec. 15.31) . 

Actually, bulk = center is the main tool that allows us to pin down the categorical for¬ 
mulation of an nD topological order (see Def. l2.2lT) . Moreover, bulk = center is only the first 
layer of the hierarchical structure of a rather complete boundary-bulk relation. In Sec. [SI we 
propose a stronger version of the unique-bulk hypothesis (see Fig.j^, which allows us to define 
the Morita/Witt equivalence of topological orders and closed/anomalous domain walls. It also 
provides a natural explanation of the so-called duality-defect correspondence (in 3D) as a part 
of the second layer of the complete boundary-bulk relation. We explain that this hierarchical 
structure of the boundary-bulk relation is nothing but the functoriality of the bulk (or center). 

Remark 1.1. A similar boundary-bulk relation was first discovered in 2D rational conformal 
field theories, where it was also called open-closed duality. In particular, the uniqueness of the 
bulk was first proved in [FjFRSj (in the FRS framework) and in |KR2] (in a modified Segal’s 
framework), duality-defect correspondence in [FrFRSl IDKRI) and the functoriality of the bulk 
or center in [DKR,21 fDKR,3) . For topological orders, the functoriality of the bulk or center was 
proposed earlier in 3D Levin-Wen models [Kol) . 

We give some remarks in Sec. 0 on what our results suggest to a possible condensation theory 
and a theory of topological orders enriched by invertible 1-codimensional walls in higher dimen¬ 
sions. The main results of this work are physical and not mathematically rigorous. In Sec. [4] 
and Sec. 15.11 however, we would like to borrow the mathematical terminologies of lemma, propo¬ 
sition and theorem to highlight our physics results, which are often supported and illustrated 
by mathematically rigorous results in Examples. In Sec. IA.il we give a mathematical definition 
of a unitary n-category; in Sec. lA.21 we discuss the universal property of the bulk with higher 
morphisms; in Sec. lA.3l we introduce the notion of a weak morphism between topological orders. 

Remark 1.2. The fusion-braiding properties encoded in an higher category can only describe 
topological excitations living in an open disk, thus define only a local topological invariant. To 
obtain global topological invariants on closed manifolds, we need glue local topological orders via 
factorization homology [L21IAFT21 lAFR] . We will do that in [AKZ] (see also R.emark r2.26|) . 

Acknowledgement: We thank Yinghua Ai for teaching us some basics of factorization algebras, 
Dan Freed for pointing out issues related to framing anomalies, and Jacob Lurie for explaining to 
us some properties of the notion of center for Ufc-algebras in symmetric monoidal oo-categories. 
In particular, Remark [5.9l is due to Jacob Lurie. We also thank Jiirgen Fuchs and Kevin Walker 
for helpful discussion and helps on references. LK is supported by the Basic Research Young 
Scholars Program and the Initiative Scientific Research Program of Tsinghua University, and by 
NSFC under Grant No. 11071134, and by the Center of Mathematical Sciences and Applica¬ 
tions at Harvard University. X-G.W is supported by NSF Grant No. DMR-1005541 and NSFC 
11274192 and by the BMO Financial Group and the John Templeton Foundation. Research at 
Perimeter Institute is supported by the Government of Canada through Industry Canada and 
by the Province of Ontario through the Ministry of Research. HZ is supported by NSFC under 
Grant No. 11131008. 
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Figure 1: Dimensional reduction: A defect of codimension 2 (or higher) in a local bosonic 
Hamiltonian lattice model, depicted as the dark dot in the picture, can be viewed as a boundary 
of a new lattice model obtained by wrapping the space around the defect such that the whole 
system looks like a cigar, which viewed from far away is equivalent to a system with a boundary 
of codimension 1. 

2 Definitions of topological orders 

In this section, we propose a microscopic definition of a topological order and a categorical 
classification, which is formulated as a macroscopic definition of a topological order. 

2.1 A microscopic definition of a topological order 

We only briefly discuss a physical definition of an n+lD topological order on an open n-disk 
from a microscopic point of view. The focus of this work is a macroscopic one. 

A (potentially anomalous) topologically order can always be realized as a gapped defect in 
a higher dimensional bosonic Hamiltonian lattice model defined on an open disk in space with 
only short range interactions. Certain gapped properties need to be satished when we take 
the large-size limit |ZW) . Using the dimensional reduction depicted in Fig. [2 we can see that 
any topological order can always be realized as a gapped boundary of a one-dimensional higher 
bosonic Hamiltonian lattice model with only short range interactions. A topological order is an 
equivalence class of such lattice realizations. 

Let L be an open n-disk on the boundary (a sphere) of a closed n-l-1-disk (see Fig. [2]). 

In the following, we define the notion of an n-|-lD (potentially anomalous) topological order on 
the space manifold L (or equivalently, on the space-time manifold L x R) as an equivalence class 
of Hamiltonian lattice models defined on the space manifold D 

Definition 2.1. Consider two bosonic Hamiltonian lattice models H and H' with short ranged 
interactions defined on a closed n-|-l-disk D with an n-sphere boundary depicted in Fig. [2 
such that both models have liquid gapped ground states ([ZW]) and the boundary is gapped. We 
say that these two lattice models realize the same n-l-lD topological order on the open n-disk L 
if for any neighborhood U of the boundary L with large enough but finite thickness (see Fig. [2]) 
such that the restriction of H in U, denoted by H\u, can be deformed smoothly to H'\u without 
closing the gap. In other words, there is a smooth family Ht for t £ [0,1] without closing the gap 
such that Hq = H, and Hr and Hs differ only in U for s,t G [0,1] and Hi\u = H'\u. 

We denote n+lD topological orders by 23„+i, C„+i, etc.. If the space-time di¬ 

mension is clear from the context, we abbreviate C„+i as C. 

Definition 2.2. If an n-l-lD topological order (on an open n-disk L) C„+i can be realized by a 
bosonic Hamiltonian lattice model defined on S'" (Fig. [2] with an empty bulk), it is called closed 
(or anomaly-free). If otherwise, it is called anomalous. 

The topological orders defined in [CGWl IZW] are closed in our sense. In physics, topological 
orders are often defined on closed manifolds. One can easily generalize Def. l2.ll to topological 

I 

orders on closed manifolds. For example, if we replace L by the entire boundary S" = dD in 
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Figure 2: Consider a bosonic Hamiltonian lattice model defined on the closed n-disk and 

an open (n — l)-disk L in = S'". The disk L is depicted as an open line segment between a 

and b on dD , where aVJh = dL = S"“^. The lattice model in a neighborhood of L determines 
a topological order on the open n-disk L (see Def. l2.1l) . 


Def. l2.ll (see Fig.[21), we obtain a microscopic definition of a topological order on S". We don’t 
need them in this work. To study the category of topological orders, one also need generalize 
Def. l2.ll to a microscopic definition of multiple topological orders connected by gapped domain 
walls and walls between walls, etc. This goes beyond the scope of this paper. We hope to come 
back to this issue in the future. 

Remark 2.3. The notion of a closed local topological order seems relate to a different notion, 
which is also called a “local topological order” and was introduced in [MZj . It is interesting to 
know their relation. 

2.2 Unitary multi-fusion n-categories 

The definitions of a unitary n-category and a unitary n-functor for n > 0 are given in Sec. IA.il 
(see Def. lA.dl and Def. IA.9l) . 

Definition 2.4. A unitary fusion n-category for n > 0 is a unitary (n-l-l)-category with a unique 
simple object *. We also identify it with the unitary n-category hom(*,=i=). We define a unitary 
multi-fusion n-category to be the n-category hom(a;,a;) for an (not necessarily simple) object x 
in a unitary (n-l-l)-category. 

Note that a unitary multi-fusion n-category C can be viewed either as an (n-l-l)-category or 
an n-category. But we always denote it by Cri+i because n-l-1 is the spacetime dimension of 
the associated topological order (see Def. l2.2lTl . or simply by C if the subscript is clear from the 
context. For a unitary multi-fusion n-category C„+i, id^, (or id* in the fusion case) is also called 
the tensor unit, denoted by Ig. A unitary multi-fusion n-category C„+i is fusion iff Ig is simple. 

Remark 2.5. Although a unitary fusion n-category can be viewed as an n-category or as an 
(n-l-l)-category (with a unique simple object), there are subtle differences between these two 
views when we discuss the notion of center (see Def. l2.10] and R.emark r5.9|) . 

Definition 2.6. For n > 0, a unitary multi-fusion n-category is called indecomposable if it is not 
a direct sum of two such categories. 

Note that a unitary fusion n-category is automatically an indecomposable unitary multi-fusion 
n-category. 

Example 2.7. We give a few examples of unitary multi-fusion n-categories. 
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1 . A unitary multi-fusion 0-category Ci is the hom(a::,a::) for an object x in a unitary 1 - 
category. It is nothing but a finite dimensional semisimple C'*-algebra, i.e. a finite direct 
sum of matrix algebras. It is indecomposable if Ci is a simple algebra, i.e. a matrix algebra. 

It is fusion if Ci = C. 

2. A unitary multi-fusion 1-category C 2 is a unitary abelian semisimple rigid monoidal 1- 
category with finitely many simple objects [ENO02] . It is a unitary fusion 1-category if the 
tensor unit le is simple, i.e. home(le, le) — C. 

3. The trivial unitary (n-l-l)-category l„+i consists of a unique simple object *, a unique 
simple /c-morphism id* for 1 < /c < n, where id* is defined inductively by id* = id* and 
id* := idj^fc-i. The category l„+i is the simplest unitary fusion n-category. 

Definition 2.8. A unitary braided fusion n-category for n > 0 is a unitary (n-|-2)-category with 
a unique simple object * and unique simple 1-morphism id*. We also identify it with the unitary 
n-category hom(id*, id*). 

Note that a unitary braided fusion n-category C can be viewed either as an (n-|-2)-category 
or an (n-l-l)-category or an n-category. But we always denoted it as C „+2 because n-|-2 is the 
spacetime dimension of the associated topological order (see Def. l2.2l1) . In this case, the tensor 
unit of C „+2 is id*, and is also denoted by Ig. 

Example 2.9. We give a few examples of unitary braided fusion n-categories. 

1 . A unitary braided fusion 0-category C 2 can be viewed as a unitary 2-category with a unique 
simple object = 1 = and a unique simple 1-morphism id*, or equivalently, the 1-dimensional C*- 
algebra horng^ (id*, id*) = C. 

2. A unitary braided fusion 1-category is unitary abelian semisimple rigid braided monoidal 
1-category with finitely many simple objects (see for example |DGNO] b 

3. ln +2 is the simplest example of a unitary braided fusion n-category. 

Definition 2.10. The Z„+i-center of a unitary multi-fusion n-category C„+i, denoted by ^„+i(C„+i), 
is defined by the category fFune|e(C, C) of unitary C-C-bimodule n-functors, where C„+i is viewed 
as a monoidal n-category instead of an (n-l-l)-category. 

Conjecture 2.11. For an indecomposable unitary multi-fusion n-category C„+i (n > 0^, its 
Zn+i-center ^„+i(C„+i) is a unitary braided fusion n-category, and Z„_|_i(l„_|_i) ~ ln-i- 2 - 

This conjecture is known to be true for n = 0,1. When n = 0, the Zi-center is the usual 
notion of the center of an algebra over C; when n = 1, the .Z 2 -center is the Drinfeld center. 

Definition 2.12. For n > 0, a unitary multi-fusion n-category C„+i is called closed if its Zn+i- 
center is trivial, i.e. Z„+i(C„+i) ~ ln- 1 - 2 . 

Example 2.13. A closed unitary multi-fusion n-category Cn,+i is indecomposable. 

1. When n = 0, Ci is closed iff it is indecomposable. 

2. When n = 1, 62 is closed iff it is monoidally equivalent to the category Tun(M, M) of 
unitary 1 -functors for a unitary 1 -category M; 

Definition 2.14. For n > 0, the centralizer of a unitary braided fusion n-category Gn-t- 2 , denoted 
by C(i_|_ 2 , is defined to be the subcategory of C „+2 containing morphisms that have trivial double 
braidings with all morphisms. 
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Remark 2.15. We pretend that the meaning of a double braiding is clear in Def. l2.14l Actually, 
the centralizer C ^_|_2 of Gn +2 can be equivalently defined by the universal property (see Exam- 
Dle l5.7l) . By Lurie’s results (see Remark !?!^ , it can also be equivalently defined by the n-category 
iiomz^^^(e„+ 2 )(.^z^+ 2 ie„+ 2 )>^z„+ 2 ie„+ 2 )), where lz„+ 2 ien+ 2 ) is the identity bimodule functor ide 
in iLune|e(C, C). It always contains ln +2 as a unitary subcategory. 

Remark 2.16. A theory of higher algebras was developed by Jacob Lurie [L3] . A unitary multi- 
fusion n-category can be viewed as an Ai-algebra object (satisfying additional unitary conditions) 
in the symmetric monoidal oo-category Cat(oo,n) of (oo, n)-categories with some additional struc¬ 
tures. The Z„-center defined in Def. l2.10] is an Ai-center of an Ai-algebra, and is automatically 
an £’ 2 -algebra |L3] . A unitary braided fusion n-category can be viewed as an if 2 -algebra object in 
Cat(oo,ra)- The centralizer of a unitary braided fusion n-category is an iJ 2 -center of an i? 2 -algebra, 
and is automatically an £' 3 -algebra. 

Definition 2.17. For n > 0, a unitary braided fusion n-category C „+2 is called non-degenerate 
if its centralizer is trivial, i.e. Cn +2 — ln-i- 2 - 

Conjecture 2.18. For n >0, a unitary fusion (n-\-l)-category C „+2 is closed if and only if it is 
a non-degenerate unitary braided fusion n-category. 

The proof of the “only if’ part follows from Remark lS.yi The complete mathematical proofs 
of Coniecture l2.18l are not known to us except the trivial case n = 0. But we provide a physical 
explanation of this conjecture in Remar k |3.91 

Definition 2.19. For n > 0, a unitary braided fusion n-category 6^+2 is called exact if there is 
an indecomposable multi-fusion n-category D„+i such that C „+2 — Z„+i(D„+i). 

For n = 0, the only unitary braided fusion 0-category 62 is C, and is exact. For n = 1, 
the exact unitary braided fusion 1 -categories are called “non-chiral” topological orders, and the 
quotient {closed}/{exact} is nothing but the Witt group |DMNO) . 

2.3 A macroscopic definition of a topological order 

Macroscopically, up to invertible topological orders |KW) . the local order parameters of a topo¬ 
logical state of matter are given by the fusion-braiding (and spins) structures of its topological 
excitations. Note that these fusion-braiding properties only make sense locally (on an open disk), 
thus give topological invariants on an open disk. For example, the “double braiding” of two par¬ 
ticles on a 2-sphere is physically ambiguous. It was well-known that these local order parameters 
(without the spin structures see Remark r2.27|) can be encoded efficiently in the data and axioms 
of an higher category [B] (see also |KW ) ). In this subsection, we propose a classification of n-|-lD 
topological ordertQ by unitary (multi-)fusion n-categories. For convenience, we formulate this 
classification as the macroscopic definition of a topological order. 

The mathematical definition of a unitary fusion n-category is based on that of a unitary 
(n-l-l)-category, which is defined in Appendix (see Def. lA.4)) . Here, we only remind readers of 
some basic ingredients (and their physical meanings) of a unitary (n-l-l)-category without being 
very precise. In a unitary (n-l-l)-category, the physical meaning of a 1-morphism is a disk-like 
(see Remark r 2 . 20 l) 1 -codimensional excitation (also called a domain wall); an Lmorphism, denoted 
by (or g if the superscript is clear from the context), is an Lcodimensional excitation; an 
(n-l-l)-morphism is an instanton localized on a point on the time axis. The spaces of instantons 
are all finite dimensional. An (n — l)-morphism h is simple if hom(h, /i) ~ C and an Lmorphism 
g is simple if idg is simple (defined inductively). For I > 0, each Lmorphism is a direct sum 

topological order here was called a BF-category in IkWI . It determines a topological order up to invertible 
topological orders EWlE], which are topological orders without topological excitations. 
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of simple Z-morphisms, and there are only finitely many simple Z-morphisms. For k < I, an l- 
morphism in hom(/i[^l, /i^^l) is an excitation nested on the fc-codimensional excitation Zjl^l. The 
composition of two Z-morphisms corresponds to the fusion of two excitations. Each Z-morphism 
g has a two-side dual g, which should be viewed as the anti-excitation of g. For any two non¬ 
isomorphic simple fc-morphisms / and g, hom(/, g) = 0. The physical meaning of this condition 
was explained in [KWj . The category l„+i is the smallest unitary (n-l-l)-category consisting of 
a unique simple object * and a unique simple Ze-morphism idj for Zc = 1,2,..., n. 

Remark 2.20. Microscopically, a p-space-dimensional excitation can be defined in a lattice 
model with additional Hamiltonian term AH, which is non-zero only in a neighborhood of a 
submanifold [KW| . But in an n-|-lD topological order, a p-space-dimensional excitation only 
makes sense on an open p-disk in general [KW] because a submanifold is not a local concept. 
Therefore, by a p-dimensional excitation in a topological order, we always mean a p-disk-like 
excitation. If a p-dimensional excitation defined on a closed submanifold happens to be 
small, i.e. lying in an open n-disk, we should choose a cellular decomposition of M'p and view it 
as a disjoint union of Zc-disk-like excitations for 0 < k < p. For example, a string-like excitation 
on = {e*®|0 € [0, 27r)} can be viewed as the disjoint union of two 1-disk-like excitations 

on (0,7r) and (tt, 27r) and two 0-disk-like excitations at 0 = 0 and 6 = tt. An n-l-lD topological 
order should produce topological invariants for disk-stratified open n-disks [AFRj . 

To determine the categorical description of a potentially-anomalous n-|-lD topological order 
C„+i, we first determine that of a closed n-|-2D topological order 'S>n+ 2 , then that of C„+i as 
a boundary of "Bn+i. If Cn-i-i is also realized as a Zc-codimensional defect of an n -I- ZcD closed 
topological order An+k for Zc > 1, it automatically inherits a categorical description from that 
of An+k (see Remark [2.24ll . These two descriptions of C„ can be different. Therefore, we expect 
that different categorical descriptions of a topological order according to different codimensions 
(see Remar k r2.241) . The description we give in Def. l2.21] is the 1-codimensional description. 

We also distinguish two types of topological orders: simple and composite. Most of the 
topological orders studied in physics are simple topological orders. Composite topological orders 
are direct sums of simple topological orders. They naturally occur as the result of a dimensional 
reduction or a fine tuning of a system near multi-phase transition points in the phase diagram 
|KW1 [ZW] . A direct sum of two simple topological orders An and 23 „ means that the system has 
accidental degenerate ground states, and is in either the A„-state or the 23„-state. Additional 
perturbations such as applying external fields often push the system to select one ground state 
from the two. 

In a closed (or anomaly-free) n-|-2D topological order, excitations should be able to detect 
each other via braidings [KW] . Since 1-codimensional excitations can not be braided with any ex¬ 
citations, it implies that the only simple 1-codimensional excitation is the trivial one. Therefore, 
a closed n-|-2D topological order should be a unitary braided fusion n-category (an £’ 2 -algebra), 
denoted by C„+ 2 , if we assume an (n-|-2)-stability condition discussed in the next paragraph. 
Moreover, its braidings should be able to detect all excitations. This condition is equivalent to 
the condition that C „+2 has a trivial centralizer. Therefore, we obtain that a simple closed n-|-2D 
topological order should be given by a non-degenerate unitary braided fusion n-category. The 
boundary-bulk relation (studied in later sections) suggests that the boundary theory of the bulk 
phase Cn +2 should be given by an Ai-algebra such that its Ai-center (recall Remark[2T6|) is C„+ 2 . 
Then Coniecture l2. 1 II suggests that a simple (potentially-anomalous) n-|-lD topological order, as 
a boundary of a simple closed n-|-2D topological order, can be described by an indecomposable 
unitary multi-fusion n-category (an ifi-algebra). 

An (n-l-l)D topological state C„+i is (n-l-l)-stable if the vacuum degeneracy on S'” (as the 
space manifold) is trivial [KWj . Mathematically, it amounts to the stability condition that the 
tensor unit of Cn+i is simple, or equivalently, C„+i is a unitary fusion n-category. If the vacuum 
degeneracy on S” is non-trivial, the topological state is (n-l-l)-unstable, and it can flow to the 
(n-l-l)-stable ones under the local perturbations of the Hamiltonians. The reason for (n-|-l)- 


9 


























unstable topological states to have natural categorical descriptions is that unitary multi-fusion 
n-categories naturally appear as stable higher dimensional phases. They naturally occur in the 
processes of dimensional reduction. We give a few examples of 3-unstable topological states in 
Example!!^ [SH Ml 

We propose the following classification of topological orders (up to invertible topological 
orders |K W1 IF] ). For convenience, we formulate this classification proposal as the macroscopic 
dehnition of a topological order. 

Definition 2.21. For n > 0, a (potentially anomalous) n-|-lD topological order is defined by a 
unitary multi-fusion n-category Cn+i- 

1. The trivial n-|-lD topological order is given by In-i-i. 

2. It is simple if Cn+i is indecomposable; it is composite if otherwise. 

3. It is {n-\-l)-stable if C„+i is a unitary fusion n-category; it is {n-\-l)-unstable if otherwise. 

4. It is closed (or anomaly-free) if C„+i is a closed, i.e. ^„+i(C„+i) = ln- 1 - 2 ; it is anomalous 
if otherwise. 

5. For n > 1, it is (n-l-I)-stable and closed if and only if Cn,+i is a non-degenerate unitary 
braided fusion (n—I)-category. 

Remark 2.22. It is not known if the microscopic and macroscopic definitions of a topological 
order are equivalent (up to invertible topological orders [KWl IF] 1. To hnd equivalent microscopic 
and macroscopic dehnitions is a fundamental open problem in the study of this subject. Superfi¬ 
cially speaking, Def. l2.2l is compatible with Def. l2.2I] in the sense that the physical notion of the 
bulk is equivalent to the mathematical notion of the center as we will show later. 

Example 2.23. We give some examples of topological orders in low dimensions. 

1. A 0-l-lD topological order Ci is given by a unitary multi-fusion 0-category, which is noth¬ 
ing but hom(a;, x) for an object in a unitary 1-category. Note that hom(a:, x) is a finite 
dimensional C'*-aglebra, which is a direct sum of matrix algebras. If Ci is simple, it is just 
a matrix algebra. It is 1-stable if and only if Ci is fusion, i.e. Ci ~ C. We also denote the 
unique 1-stable ID topological order by li, i.e. li = C. As a 1-category, li = IKilb, where 
dfilb is the category of hnite dimensional Hilbert spaces. 

Note that if Ci is simple, we Ci is a matrix algebra, i.e. Ci = Mfexfe(C). This matrix algebra 
can be viewed as the local operator algebra of a quantum system dehned on a point 
as the space manifold) with Hamiltonian given by the identity matrix. If fc > 1, this 
system is degenerate. But this degeneracy is not 1-stable. By perturbing the Hamiltonian, 
one can easily lift this degeneracy. 

2. Although we have not included the categorical definition of a OD topological order in 
Def. l2.211 we can add it by hands. Since a 1-stable closed ID topological order is just 
1-dimensional algebra C (an Fi-algebra), a OD topological order, viewed as a wall between 
two ID topological orders, is just a hnite dimensional Hilbert space V together with a 
distinguished element v gV, i.e. an Eo-algebra {V,v). 

3. A simple 2D topological order can be physically realized on an open 1-disk in the boundary 
of a local Hamiltonian model on the 2-disk f |BKl IKK] 1. It has particle-like topological 
excitations, which can be fused. Therefore, it can be described by a unitary multi-fusion 
1-category C 2 . When the tensor unit le is simple, i.e. hom(le, Ig) = C, C 2 is a unitary 
fusion 1-category. In this case, the space of ground states of the local Hamiltonian model 
on is given by hom(le,le) ( |KW[IXKZp . and is not degenerate. So it is 2-stable. All 
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unitary fusion 1-categories can be realized as the boundary theories of Levin-Wen models 
m- We give some examples of 2-unstable phases, which are stable as higher dimensional 
phases, in Examr)le l3.6l and Examr)le l3.7l 

The trivial 2D topological order I 2 , which is also closed. If C 2 contains a non-trivial particle¬ 
like excitation, it cannot be detected by other excitations because there is no braiding. It 
needs a 2-l-lD bulk to detect it. Therefore, C 2 describes an anomalous topological order. 
Therefore, I 2 is the only closed 2-stable 2D topological order. 

4. A simple 3-stable 3D topological order can be described by a unitary fusion 2-category, or 
equivalently, a unitary 3-category C 3 with a unique simple object *. 1-morphisms are string¬ 
like excitations, 2-morphisms are particle-like excitations and 3-morphisms are instantons. 
When 63 is closed, there is no simple 1-morphisms (string-like excitations) other than the 
trivial one id* because they can not be braided with other excitation^. As a result, C 3 is a 
non-degenerate unitary braided fusion 1-category. In this case, the Z 3 -centers of 63 and the 
centralizer C 3 should coincide and are both trivial (recall Coniecture l2.18l) . If the topological 
order 63 is anomalous, we can not reduce 63 to hom(id*,id*) even if id* is the unique 
simple 1 -morphism because the notion of Z 3 -center and that of centralizer are different 
(see Remark lS.yi) . Its Z 3 -center contains string-like excitations in general. For example, 
in the gauge theory in 3-l-lD (see for example |WW2) 1. all string-like excitations are 
mutually symmetric but have non-trivial braidings with particle-like excitations. When all 
string-like excitations are condensed, it creates an anomalous 3D topological order 63 on 
the boundary with only particle-like excitations. 

Remark 2.24. Note that we find Def. l2.21] bv first fixing the categorical description of a simple 
closed n-|-2D topological order 'Bn+ 2 , which is an i? 2 -algebra, then determining that of an n-|-lD 
topological order (viewed as the 1-codimensional boundary of 'Bn+ 2 ) as an Ei-algebra in Def. 12.211 
So this can be called a 1-codimensional definition (or classification). Higher codimensional def¬ 
inition is also possible. An nD topological order, realized by a 2-codimensional excitation in 
'Bn+ 2 , can be naturally described by the unitary n-category £„ = horn®(id*,id*) with a dis¬ 
tinguished object i. Such a pair (£„, t) is an Eq algebra. One can go one-step further. An n—ID 
topological order, realized by a 3-codimensional excitation in 'Bn+ 2 , can be described by the uni¬ 
tary n-category £„ together with a distinguished object 1 *-°^ and a distinguished 1 -morphism 
in hom£(i(°), i(°)). Such a triple (£„, i^^^) can be viewed as an E_i-algebra, which is a not- 

yet-defined notion. What justifies this terminology is that its bulk (or center) is an Ag-algebra. 
Continuing along this path of logic, we obtain that an n—fcD topological order (for k < n), re¬ 
alized by a ( 2 -|-fc)-codimensional excitation in 'Bn+ 2 -, can be described by the unitary n-category 
£„ together with a choice of object and a choice of 1 -morphism 61^1 in hom( 6 [°i, 61 °!) and a 
choice of 2-morphism in hom(i[^l, so on and so forth. Then (£„, 6[°1, 61^1, • • • , 61^1) can 

be viewed as E_fc-algebra. We leave a more careful study of these algebras elsewhere. 

Example 2.25. We give a couple of example higher codimensional definitions. 

1. A 2-stable closed 2D topological order is given by 1-dimensional algebra C (an A 2 -algebra), a 
simple ID topological order is given by finite dimensional simple algebra A (an Ei-algebra). 
So a 2-codimensional definition of a OD simple topological order is a simple A-module V 
together with a distinguished element v, i.e. an Ag-algebra (V,u). 

2. Although it does not make physical sense to talk about —ID topological order, it might 
be viewed intuitively as a “wall” between two simple OD topological orders, which are 

®In this case, string-like excitations are still possible as constructed in ES, but they can all be obtained 
from condensations of point-like excitations |Ko2| . Therefore, such string-like excitations must be excluded from 
a minimal categorical description of a topological order IkWI . If there is a string-like excitation that is not 
condensed, it is not detectable via braiding because it can not be braided with any other excitations. Therefore, 
such a topological order must be anomalous. 
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given by two finite dimensional A-modules (U,u) and (y,v). Therefore, we can give a 3- 
codimensional definition of a —ID topological order as an A-module map / : C/ —>■ D such 
that f{u) = V. The “wall” is invertible if / is an invertible map. 

Remark 2.26. Topological orders defined on space manifolds other than open disks do occur 
in this work but only briefly discussed (see Example l3.61 13.71 and Remar k fd.91) . For a systematic 
study of topological orders on other manifolds from a macroscopic point of view, we need the 
theory of factorization homology on disk-stratified manifolds [L31 lAFTll IAFT21 lAFR) (see also 
Remar k[227|) . Given a unitary modular tensor 1-category as a 2 -|- ID local topological order, 
we will show in [AKZj that the global topological invariants (or the global order parameters) on 
closed 2-dimensional surfaces of all genera (as the space manifolds) obtained from factorization 
homology are all given by the category li = dfilb. Moreover, if we trap finitely many topological 
particles on a given closed surface, factorization homology produces an object in Jfilb, i.e. a 
finite dimensional Hilbert space, which is nothing but the space of degenerate ground states on 
that closed surface. Furthermore, this result remains to be true for the surfaces decorated by 
arbitrary gapped 1- and 2-codimensional defects. 

Remark 2.27. In general, topological excitations are defined on disk-stratified submanifolds 
equipped with certain tangential structures [AFT 11 lAFR] . such as framing. In this work, we 
completely ignore these tangential structures. For all algebraic constructions appeared in this 
work, such as the construction of center, gapped domain walls and Morita/Witt equivalence, 
they do not seem to play any explicit role. 

Remark 2.28. Our notion of closed/anomalous topological order is different from but not con¬ 
tradicting to that of a TQFT (defined on closed space manifolds with boundaries (and corners) 
and non-trivial spacetime cobordisms). For example, a quantum Hall system or a modular tensor 
category gives a closed topological order according to our definition, but the associated 2-l-lD 
TQFT is “anomalous” due to the framing anomaly [RTl ITuj . It has a non-trivial bulk 3-l-lD 
TQFT, which is invertible but with no non-trivial excitations [WWal IFTI IF] . This is compatible 
with our result that a quantum Hall system on an open 2-disk is closed because its bulk (dehned 
on a spatial open 3-disk) contains no non-trivial topological excitation. 

Remark 2.29 (Minimal Assumption). In physics, a topological excitation is an equivalence class 
of excitations. It is invariant under smooth deformation and the action of any local operators 
[KWj . So on the categorical side, it is reasonable to identify all morphisms that are isomorphic. 
More precisely, given an ordinary unitary n-category, we take one representative from each equiv¬ 
alence class of A:-morphisms for 0 < k < n. These representatives form a much smaller unitary 
n-category, in which distinct morphisms are not isomorphic. As a result, all fc-morphisms form a 
set with only countable many elements. We call such a category minimal im]. In many parts of 
this work, we would like to assume that the unitary n-categories under consideration are minimal 
so that it is legitimate to say that two unitary n-categories (or topological orders) are identical, 
i.e. C„ = Dn- This assumption is not absolutely necessary for our theory. But it simplifies the 
discussion. One of the major simplifications is that two minimal unitary n-categories are equiv¬ 
alent only if they are isomorphic. In this case, one can identify these two n-categories. Since 
this assumption is not absolutely necessary, we use it only when it is needed. For example, it 
is used significantly in Sec. 15.II For mathematical results associated to n-categories, we still use 
the usual notion of an equivalence ~ between categories. But for physics minded readers, we do 
recommend to take this assumption and regard ~ as = throughout this work. 

3 The category topological orders 

In this section, we discuss some structures of the category that are used in this work. 
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3.1 Time-reverse of a topological order 

An nD topological order C„ can be realized by a nD local Hamiltonian lattice model F. If we 
mirror reflect the system along the time direction (or any odd number of space-time directions), 
we obtain a local Hamiltonian lattice model r°P (or F). We denote associated topological order 
by C°P (or C„), which is called the time-reverse (or the reverse) of C„. Mathematically, C°p is 
the n-category obtained from Cn by flipping all n-morphisms; C„ is obtained from C„ by flipping 
all ^ 1 -, • • •, /fe-morphisms for k being odd. 

Example 3.1. We discuss a few low dimensional cases. 

1. A 0-l-lD topological order is given by a semisimple algebra A = homej(a:,a;) (with multi¬ 
plication m(a, b) = ab for a,b G A) for an object in a unitary 1-category Ci. The physical 
meaning of an arrow in Ci is an instanton. Reversing the time amounts to flipping all 
the arrows in Ci. Therefore, the time-reverse of Ci is the opposite category 6 °^, which 
is the same category Ci but with arrows reversed. So the time reverse of A is just the 
opposite algebra A°p with the opposite multiplication m°^{a,b) = ba. For example, in 
Example l3.71 when we fold two boundaries in Fig. [5] (a), we need flipped the orientation of 
the IN'-boundary. This explains the “op” in the first line of Eq. (EU- 

2. In 2D, the time-reverse of a unitary multi-fusion 1-category 62 is the opposite category 62 ^ 
equipped with the tensor product ( 8 >. The coherence isomorphisms, i.e. the associator and 
unit isomorphisms, in 62 ^ are taken to be the inverse of those in 62 - 

Actually, the unitary fusion 1 -category 62 ^ is monodically equivalent to the fusion 1 - 
category C™'' (obtained by flipping 1 -morphisms), which is the category as 62 but equipped 
with the opposite tensor product i.e. x ( 8 )’’®'' y := y ® x, and the coherence isomor¬ 

phisms are the inverse of those in 62 . This monoidal equivalence C™'' — 62 ^ is given by 
taking duals x ^x. Note that 63 ®'', viewed as a unitary 2-category with a simple object, 
is just the space-reverse of 62 . So the monoidal equivalence C 2 '*'" — ^ 2 ^ simply says that 
the time-reverse is equivalent to the space-inverse. 

3. In nD for n > 2, the time-reverse of a unitary n-category is again given by the opposite 
category C°p, which is the same category as Qn but with reversed n-morphisms and all 
coherence isomorphisms are taken to be the inverse of those in C„. For example, for a 
closed 63 topological order, i.e. a unitary braided fusion 1 -category, the braiding in Cg^ is 
taken to be the inverse of that in C 3 . 

Remark 3.2. For a unitary n-category and k I, flipping the arrows for all /c-morphisms and 
all Fmorphisms leaves the category unchanged (up to equivalences) due to its fully dualizability. 
Therefore, a mirror reflection of a topological order in any odd number directions is equivalent 
to the time reverse, i.e. ~ C°p. 

3.2 Dimensional reductions and tensor products 

For n > 0, a 1-codimensional excitation a: in a potentially anomalous n-|-lD topological order 
C„+i determines an anomalous nD topological order defined in a neighborhood of x, depicted in 
Fig.m This neighborhood automatically includes the action of 1-codimensional excitations on x 
via fusion. Such obtained anomalous nD topological order can be described by an Eo-algebra 
(Tn(C„+i),x), where P„(C„+i) is the unitary n-category obtained from the unitary multi-fusion 
n-category C„ by forgetting the monoidal structures. If x is the trivial 1-codimensional excitation, 
we simply denote the pair by P„(C„+i). 

For a closed n-|-2D topological order ®„+ 2 , i.e. a unitary braided fusion n-category with 
a unique simple 1 -morphism id*, P„+i(®„_|_ 2 ) is just the unitary fusion n-category hom(*, *) 
but forgetting its braiding structures. In this case, we can also define P„(23„+2) to be the 
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Figure 3: A l-codimensional excitation x in an n+lD simple topological order Cn+i can be 
viewed as an nD topological order, denoted by (P„(C„+i), x). 

pair (^’rt(®n+ 2 ),id*), where Pn('Sn+ 2 ) is the unitary n-category hom(id*,id*) but forgetting its 
braiding and monoidal structures. Note that 'B „+2 is an £’ 2 -algebra; Pn+i {'Bn+ 2 ) is an Ai-algebra; 
P„('B„+ 2 ) is an Po-algebra. 

Remark 3.3. One can continue this process to define Pfe(!B„+ 2 ) for fc < n as we have done in 
Remar k [2.241 Namely, Pfe(!B„+ 2 ) := (hom(id*, id*), id^, • ■ • , id”'*'^”*^), which can be viewed as an 
Pfe_„-algebra. We don’t need them in this work. 

Example 3.4. A couple of examples from 2+lD. 

1. In the toric code model, the bulk excitations are given by the Drinfeld center Z 2 (IRep^^) of 
the unitary fusion 1-category Ikep^^ with simple objects 1, e, m, e. The trivial domain wall 
gives an anomalous 2D topological order P 2 {Z 2 {'Jiepj^^)), which is just the same unitary fu¬ 
sion 1-category as Z{'Rep^^) but forgetting the braiding structure. The trivial particle-like 
excitation 1 can be viewed as an anomalous ID topological order by including a neighbor¬ 
hood of 1. Therefore, one should include all the image of the action of Z 2 {‘Jlepj,^) on 1. This 
image is nothing but Pi{Z 2 {‘Jle]ii^)), which is the same unitary 1-category as Z 2 {‘Repi^) 
(together with the tensor unit) but forgetting all braiding and fusion structures. An e- 
particle can be viewed as a ID topological order {Z 2 {‘Jiep^^),e), where Z 2 (!Jlepz^) is viewed 
as a unitary 1-category. 

2. Consider a Levin-Wen model with two boundaries such that the bulk lattice defined by 
a unitary fusion 1-category C 2 and the lattice near two boundaries defined by unitary 
indecomposable C-modules M and N, respectively [KK] (see Fig. [5]). Excitations on the M- 
boundary (or the N-boundary) is given by C)(j (or C))), where C)(j := Tune(M, M)"'®'' is the 
unitary fusion 1-category of unitary C-module functors equipped with the opposite tensor 
product. A defect of codimension 2 between the M-boundary and the N-boundary is given 
by a C-module functor / in Tune(M,N') (see Fig. [5]) |KK) . When this defect / is viewed as 
an anomalous ID topological order, we must include a neighborhood of this defect, more 
precisely, include all excitations generated by the fusion of the boundaries/bulk excitations 
with this defect. This fusion action covers all objects in 5'une(M,N) because Tune(M, N) 
is an indecomposable C)(|-C)(j-bimodule |EO) . It is convenient to denote the bimdoule by a 
pair (Tune(M, N),/) (see the purple dot in Fig.[S](a)). When M = N and / = Mm, it is 
nothing but Pi (Tung (M, M)). 

One can stack an nD topological order on the top of the another one !B„. This operation 
is denoted by Kl, also called a tensor product. More general tensor product can be obtained by 
gluing An with by an (n-l-l)D bulk C„+i, denoted by A.„ It is summarized by the 
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following graphic equations. 


An Kl := 


*-n+l 




‘^n ^Cn+i 


:= 



(3.1) 


It is clear that Kl = . Notice that An ^e„+i ®n can be viewed either as an nD topological 

state (very often n-unstable, see Examnle ld.bl and lXTl) or as an (n+l)D phase with two boundaries. 
The former one is a dimensional reduction of the later one. 

Remark 3.5. By Def. l2.211 when Gn+i is simple and closed, i.e. a unitary braided fusion (n — 1)- 
category with the usual unit, and An and 23„ are simple, i.e. a unitary fusion 1 -category with 
the usual unit, then the tensor product An ^e„+i is just the usual tensor product of a right 
Cre+i-module and a left Cn+i-module in the category of unitary fusion (n — l)-categories with 
unitary monoidal (n — l)-functor as morphisms. In particular, the right action An Kl C„+i —^ An 
and the left action C„+i Kl —)• 23„ are both unitary monoidal. 

Example 3.6. We would like to illustrate the construction An ^e„+i '^n by concrete lattice 
models when n = 2. Consider two narrow bands of toric code model depicted in Figured 
These two narrow bands can be viewed as two 1-l-lD topological orders. This is an example of 
dimensional reduction. 

1. In (a), the e- and m-particle in the bulk or on one of the boundary condense to vacuum on 
the other boundary. Therefore, there is no non-trivial particle-like excitations in the band 
at all, and the 2D topological order thus obtained is trivial, i.e. 

A‘2^ Sgg ^2 ~ dfilb. 

This fact is also supported by abstract nonsense. When the toric code model is viewed 
as an example of Levin-Wen models, the bulk lattice is determined by the data of the 
unitary fusion category Ikep^^ (the category of representations of Z 2 group). The smooth 
boundary is again determined by that of Ikep^^ but viewed as a right module over the 
fusion category Olep^^ (or a right IRep^^-module); the rough boundary is determined by the 
category dfilb which is a left iRep^^-module |BK) |KK| . The topological excitations on the 
smooth boundary is given by the unitary fusion category Olep^^ ~ Tung^ep^^ (^SPZ 2 > ^ 6 Pz 2 )> 
those on the rough boundary by Ikep^^ — Tungjep^^ (IKilb, dfilb). The bulk excitations are 
given by the unitary modular tensor category Z(3lepzJ := Jun:,iep^^ioiep^^(Olepz^, Olep^J, 
which is the Drinfeld center of Ikep^^. The tensor produdU: 

A 2 Klcj 'B 2 = 3'unjiep^^ (3^epz^, IRepzJ ^z(3iep^^) S'unjiep^^ (Jfilb, Jfilb) 

is defined by Tambara’s tensor product |Ta) between a left Z{'Rep’^^)-mo<hAe and a right 
Z(lkepz 2 )-module (see also [ENO09]). Moreover, this tensor product has a natural monoidal 
structure (see [KZl Thm. 5.8]) and we have 

A 2 Klca ^2 = Ifunsep,,^ (3^epz^, 3?epzJ ^z(Kep^^) S'unsep^^ (IKilb, Jfilb) 

~ Tun 5 riib(lkepz 2 ^oiep^^ dfilb, "Aepi^ ^^ep^^ dfilb) 

~ Tunj<;iib(lKilb, dfilb) ~ Jfilb, (3.2) 

where the first ~ was proved in [KZl Thm. 5.8]. 

®We have secretly used the fact that is a symmetric fusion 1-category such that ~ Oiep^^. See 

Eq. (13.511 for a more general and precise expression of this tensor product. 
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smooth boundary 


rough boundary 




Figure 4: Above figures illustrate two physical configurations of toric code model bounded by 
two gapped boundaries discussed in Example ld.bl In (a), two boundaries are different. In (b), 
both boundaries are the smooth boundary. 


2. In (b), both boundaries are the smooth boundaries. In this case, m-particle is clearly 
condensed in the 2D phase. It seems that there is only e-particles living in the 2D topological 
order. However, the string (the purple line in Fig.|l](b)) that creates a pair of e-particles 
at its ends can be detected by a string (the dotted line) that create a pair of condensed 
m-particles. It means that the e-string is a 2D “vacuum” that is different from the trivial 
string between two null-particles I. Moreover, the two e-particles (the red dot and the 
green dot in Fig.0] (b)) should be viewed as domain walls between two different vacuums, 
should be treated as different types of particles. They form a particle and anti-particle 
pair. As a consequence, the 2D phase is described by a unitary multi-fusion 1-category 


TCilb X M2x2 — 


dfilb dfilb \ 
dfilb dfilb ) ■ 


(3.3) 


where two diagonal subcategories are the usual vacuum state (any vertical blue line in Fig.|3] 
(b) and the 2D vacuum state given by the purple string in Fig.S] (b), the two diagonal 
subcategories are the domain walls between two vacuums. 

Above result is also guaranteed by abstract nonsense. Indeed, by [KZl Thm. 5.8], the 2D 
phase obtained via dimensional reduction is given by 


A 2 Kle3 ®2 = Tunajep^^ (IRepz^, 3?epzJ Kz(3Jep^^) Tunj^ep^^ (IRepz^, 3IepzJ 
~ TunMiib(3?epz3 3?epz^ ^3?ep^^ ^ep^J 

~ TunTOib(lRepz^, 3?epzJ, (3.4) 

which is exactly the unitary multi-fusion 1-category given in (|3.3I1 . 

When the distance between two boundaries is small, the tunneling of an m-particle from 
one boundary to the other is a local operator. In this case, the ground state degeneracy 
can be easily lifted by introducing this tunneling effect into the Hamiltonian. Therefore, 
the phase described by unitary multi-fusion 1-category (1531) (or dH) is unstable and 
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:= g^une(M,M)”’' 




(3-une(M,N)./) 


(a) 


:= ?une(N.N)"'*'' 



(?une(M.?^)./) 


(b) 


Figure 5: Above figures illustrate the dimensional reduction process in a Levin-Wen model dis¬ 
cussed in Example l3.7l £2 is given by (13.51) . 


will flow to the only closed and stable 2D phase I 2 . On the other hand, if we keep the 
distance between two boundaries large even in the thermodynamic limit, then the physical 
configuration depicted in Fig.S] (b) with 2-fold ground state degeneracy is stable (under 
local perturbations) as a 3D topological order with two boundaries |WW1) . 

Before we end this example, we would like to comment that the unitary multi-fusion 1-category 
defined in (13.3|) is also closed because it is realizable by a lattice model in 2D. This is consistent 
with the mathematical result that the Drinfeld center of the unitary multi-fusion category defined 
in (13.31) is trivial [ENO09) . Since they describe stable 3D topological orders (with possible gapped 
boundaries), they also play important role in our study of topological orders. 


Example 3.7. We give more examples of An ^e„+i (Bn for n = 1 in Levin-Wen models |KK) . 
Consider a lattice model depicted in Fig. [5] (a), the bulk lattice defined by a unitary fusion 1- 
category 62 , the upper/lower boundary lattice is defined by a unitary indecomposable C-module 
M/IN'. The excitations in the bulk are given by the Z 2 -center (the Drinfeld center) ^ 2 ( 62 ) of 
62 , the excitations on the M-boundary by C)(j := Tune(M,M)“'®'', those on (N'-boundary by 
C)(|- and the defect junction (the purple dot) by a unitary C-module functor / G Tune(M,(N'). 
When the defect junction is viewed as a ID topological order (by including the action of nearby 
excitations on /), it is given by (Tune(M, IN'), /fl which is an Eo-algebra (see R.emark r2.24l) . By 
a dimensional reduction process, i.e. folding the two boundaries along two dotted arrows, we 
obtain (b) in Fig. [51 where 


£2 = Tune(7^, Kz(e) Tune(M, M)"'®''. (3.5) 

On the other hand, when we fold (N'-boundary upwards and flip its orientation, the left C-module 

^The action of nearby excitations of / actually form a subcategory 3^une(!N, !N)/3'une(M, M) of 5'une(M, Jf). 
This subcategory is equivalent to the data (TunglM, !N), /). 
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Jsf becomes the right C-module N°p. According to |KK) . we should also have 


d 2 = JunMiib(:N'°P Se M, ?^°p M)™" 

~ JunMiib(lfune(?^, M), June(?^, M))°p 
- JunMiib(lfune(?^, M)°p, June(?^, M)°p), 

~ JunMiib(?'une(M, ?\1), June(M, 3^)) (3.6) 

where we have used the identity 1 N'°p Kle M ~ lf'une(lN', M) [ENO09) . Indeed, the compatibility of 
(ixa and (I3.6p was proved in |KZI Thm. 5.8]. Note that £2 is a unitary multi-fusion 1-category. 
As a 2D topological order, it should be closed because it is the bulk of the ID topological order 
(lf'une(M, N), /). This is consistent with the mathematical fact that the Z 2 -center of £2 is trivial 
[ENO09j . Moreover, as we will show in Sec. 15.21 £2 is also the Zi-center of (Tune(M, N), /). Note 
also that the dimension of ground state degeneracy on is the dimension of homg (1 £, 1 £), which 
is the number of simple objects in Tune(M, N). In particular, when N = M = 6 , £ = lFun(C, 6 ), 
and if 6 = £2 is nothing but the topological phase constructed in Fig.|H(b) (recall Eq. 

(13.41) '). It describes a 2-unstable 2D phase and can flow to the only 2-stable closed 2D phase I 2 . 
This is consistent with recent works [WWll IHYl ILWWj . One can cook up more general examples 
from Levin-Wen models enriched by defects as depicted in Fig.[TT](see Example l6.411 . 

It is also clear that the following identities (recall the Minimal Assumption Remar k[229]) : 

In K An = An = An ^ Inj 

(An Cn) ^B„+i £n = An (C„ £n) (3.7) 

hold. We simply denote the two sides of the equation p.7|l byAKIs £ in the rest of this 
paper. Moreover, if "Bri+i and Tfn+i are closed, we have the following identity: 

Ani'^n+l) Cra = Cn = Cn 7n(2?n+l)- (3-8) 

Remark 3.8. When n = I, Ai,Ci,£i are unitary 1-categories. In this case, the associativity 
(13.71) is just the associativity of Tambara’s tensor product [Tal lENOn9) . When n = 2, A 2 , 62 , £2 
are unitary multi-fusion 1 -categories and (B 3 a unitary braided fusion 1 -category, the tensor 
products give again unitary multi-fusion 1-categories (see [KZj 'l. In this case, the associativity is 
guaranteed. Higher n cases are not completely known (see |L3)1. 

Remark 3.9. There is another kind of interesting dimensional reductions. Given a unitary n- 
category C„, i.e. an nD topological order, we obtain the so-called the homotopy fc-category h^C 
(for 0 < k < n), which is defined as the fc-category obtained from C„ by throwing away all fc -|- 1 
and higher morphisms in C„ and replacing old /c-morphisms by their equivalence classes ( |L3 ) ). 
The physical meaning of h^-C (together with a distinguished object) is a kD topological order, 
which is obtained in the eye of an observer living a fcD plane of original nD topological order such 
that the plane intersects transversally with all Tcodimensional excitations in C„ for 0 < 1 < fc 
but not contains any higher codimensional excitations. This kind of dimensional reductions can 
be very useful. For example, it suggests that a simple C„ is anomalous if h^C is anomalous for 
some 1 < fc < n. For example, if h 2 C is anomalous, then contains at least one non-trivial 
domain walls, which is not detectable by mutual braidings. Hence, Gn is anomalous too. This is 
the physical intuition behind Coniecture l2.18l 

3.3 Closed domain walls and the category 

By a closed or anomaly-free gapped domain wall M„_i between C„ and 'D„, or a C„-'D„-wall, 
we mean an (n—1)D topological order connecting the C„-phase and the 'D„-phase and sharing 
the same bulk as depicted in Fig.jB] We postpone the precise definition of the anomalous gapped 
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Figure 6: A closed gapped domain wall (or simply a domain wall) M„_i between the C„-phase 
and the 2)„-phase sharing the same bulk An+i- 


domain wall to Sec. m All domain walls occur before SeclB] are closed. Therefore, we abbreviate 
a closed domain wall to a domain wall until Sec. [5] unless we want to emphasize. 

If C„ and “Dn are simple, the domain wall can be simple or composite. If or is composite, 
the wall must be composite. We denote the n—ID topological order determined by the trivial 
wall id* in a simple nD topological order Cn by ide„, i.e. ide„ = Pn-i{Gn)- 

Definition 3.10. The category is defined as the n-category with objects given by 

simple nD topological orders, 1-morphisms by all 1-codimensional (disk-like) gapped closed walls 
between topological orders, ..., 1 -morphisms by 1 -codimensional (disk-like) gapped closed walls 
between (1—I)-codimensional closed walls, ..., n-morphisms are instantons. The composition of 
1-morphisms are given by the tensor products given in Eq. (EH) 

Remark 3.11. Note that the category giniple topological orders, 

gapped closed walls and closed walls between walls. We exclude all composite topological orders 
because they break the fnnctoriality of (see [KZl Remark 5.21] for n = 2 cases). The category 
cjQdosed-waii ^ ^j^jtary n-category because it does not satisfy Axiom 5 in Def. lA.4l 

The time-reverse of a C„-D„-wall, denoted by M°p (or M see Remark r3.2l) . is automatically a 
I)„-C„-wall. It gives the category q-gcJosed-ujai/ ^ duality structure. The tensor product Kl (recall 
the first equation in Eq. (EH) provides the structure of a symmetric monoidal 

n-category. 

An invertible gapped domain wall between two simple topological orders C„ and is just 
an invertible morphism in ^ defined inductively. 

Definition 3.12. A gapped domain wall M„_i between C„ and I)„ is called invertible if there 
is an (n — 2)D invertible domain wall between M M°p and ide„, denoted by M At°P ~ 
ide„, and another (n — 2)D invertible domain wall between M°p M and ide„, denoted by 
M°P M ~ ide„ (see Def. l4.ll) . 

Remark 3.13. Note that the Minimal Assumption R.emark r2.29l does not trivialize the higher 
dimensional domain walls. Their physical meaning is still preserved. 

An invertible domain wall between two phases and “Dn is also transparent. It means 
that excitations in C„-phase can tunnel through the wall and become excitations in fD„-phase. 
This tunneling is an invertible process and preserves the fusion and braiding properties. Indeed, 
for an invertible Cn-Dn-wall the topological excitations on one side can tunnel through 

the invertible wall to the other side. For excitations of codimension higher than 1 and n > 1, 
this tunneling process is invertible and is depicted in Fig.[7l where x represents a topological 
excitation in C„-phase and the dotted line in the third graph is the trivial domain wall idD„ in 
■Dra-phase. For 1-codimensional excitations and n < 1, it is similar. This tunneling process is 
completely invertible. Moreover, it is clear that it also respects the fusion and braiding m- In 
this case, we also denote C„ ~ fD„. 
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Figure 7: The “x” in the graphs represents a topological excitation in C„-phase. The two 
horizontal lines in the second picture have the opposite orientation. They represent the domain 
wall M and its inverse M°p. Their tensor product gives the trivial wall idc^ depicted as the 
dotted line in the third graph. 


This physical definition of invertible domain wall becomes a mathematical one if we identify 
an n+lD topological order with a unitary multi-fusion n-category, with mathematical 

tensor products, and define the invertible domain wall mathematically in the lowest dimension. 
We expect that an invertible domain wall is equivalent to an invertible unitary n-functor. 

Example 3.14. Using Def. 12.21] and ExamDle l2.251 we prove that invertible domain walls are 
indeed invertible unitary n-fucntors in low dimensional cases. 

1. A OD domain wall between two simple ID phases A and B (two simple algebras over C) is 
given by a A-S-bimodule V (together with a distinguished element u), i.e. an Eo-algebra 
{V,v) (recall ExamDle l2.25|) . A -ID “wall” between two such OD topological orders {U,u) 
and {V,v) is an A-S-bimodule map f : U such that f{u) = v (recall ExamDle l2.25|) . 
This -ID “wall” is invertible if / is an invertible bimodule map. 

If (M, m) is an invertible OD wall between A and B, it implies that M is an invertible A- 
i3-bimodule and more. It turns out that it implies that A ~ B as algebras as we expected 
in the discussion of Fig.[7l More explicitly, let A = End(t/) and B = End(U) for two 
finite dimensional vector spaces U and V, the only invertible A-B-bimodule is given by 
homc(U, U) with its inverse given by the B-A-bimodule homc(C/, U). If (homc(U, U), / : 
U ^ C/) is an invertible wall, then there is g : U V such that 

(homc(U, C7), /) (g)B (homc(17, V), g) ~ (A, idu) 

{homc{U,V),g) (g)^ (homc(U, U),/) ~ {B,idv), 

which means that the canonical bimodule isomorphism homc(U,17) (E>b homc(17, U) ~ A 
must map f<S>Bg'bofog = idy and the canonical bimodule isomorphism homc(17, V) 
homc(U, U) cs B must map g®Af to go/ = idy. As a consequence, g and / are invertible, 
and, therefore, A ~ B as algebras. It is easy to check that an invertible OD wall between 
A and B is equivalent to an algebra isomorphism between A and B. 

2. A ID domain wall between two simple 2-stable 2D topological orders, which are given by two 

unitary fusion 1-categories A 2 and 532, must be a unitary A-53-bimodule £1 equipped with a 
distinguished object x. Klyt,® in this case is just the Tambara’s tensor product also denoted 
by If id,x) is invertible, it implies that A and 53 are Morita equivalent and more. 

In particular, we can set A 2 = Tune(M,M), 532 = Tune(5\f,FI) and £1 = Tune(M,Ff) for 
some unitary fusion 1-category C and indecomposable unitary C-modules M and FT (for 
example, one can simply take C = A and M = A) |ENO08] . The inverse of the wall £ is 
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£°P ~ 3^une(?^, M). Let / : M —5> be a unitary C-module functor. Then the domain wall 
(Tune(M, iN), /) is invertible if and only if there is 5 G 5'une(?^, M) such that g o / ~ idjvt 
and / ~ idj^. In other words, / must be an invertible functor, and, therefore, .A ~ 23 

as unitary fusion 1-categories. It is easy to check that an invertible ID domain wall is 
equivalent to a unitary monoidal equivalence between unitary fusion 1 -categories. 

3. In 3D, it was shown explicitly in 2-l-lD Levin-Wen models that invertible gapped walls 1-to- 
1 correspond to unitary braided monoidal equivalences between two exact unitary braided 
fusion 1-categories |KKllENO09) . 

We expect that high dimensional cases are similar. 

If the domain wall M„_i is not invertible, then tunneling process depicted in Fig.[7]still makes 
sense but with the dotted line replaced by M°p Kg M ~ where M°p Klg M is a composite 

topological order and iNli is an indecomposable component of M°PKIeM. In this case, a topological 
excitation “tunnel” through the wall, always pulls a string (labeled by ©iiMi) behind it [KK) . 

Example 3.15. We give some examples of closed walls in Levin-Wen models. 

1. In the toric code model, any line in the bulk lattice can be viewed as a trivial (obviously 
invertible/transparent) domain wall. A non-trivial invertible domain wall was constructed 
in Figure 1 in |KK) (see also the dotted line in Fig. lTOl) . This domain wall also gives the 
FM duality of the bulk phase. 

2. In the Levin-Wen models constructed in [KK], a gapped domain wall can be constructed 
from a bimodule over fusion categories. More precisely, if the bulk lattices on the two side 
of a domain wall are defined by unitary fusion 1-categories A 2 and 232, then the lattice on 
the domain wall can be defined by a A-23-bimodule £. In this case, the bulk excitations on 
the two sides of the wall are given by the Drinfeld centers ^ 2 (^ 2 ) and ^’ 2 ( 232 ), respectively. 
The excitations on the M-wall is given by Tunyi| 2 (M, M). When the bulk excitations move 
close to the wall, they become wall excitations, this process defines two bulk-to-wall maps: 

Z2(A) a Tun^|2(M,M) ^ 

More precisely, L and i? are two monoidal functors defined by 
L : (A A A) ^ 

If the bimodule M is invertible in the sense that M Kl® M°p ~ A and M°p M ~ 23. 
Then both h and R are monoidal equivalences. Then the excitations tunneling from the 
left side to the right side is given by the monoidal equivalence R~^ o L : Z[A) 

Moreover, R~^ oL respects the braiding, i.e. a braided monoidal equivalence. Therefore, an 
invertible A-23-bimodule gives an isomorphism between Z{A) and ^(23). It was also known 
that there is an one-to-one correspondence between invertible A-23-bimodules and braided 
monoidal equivalences between Z{A) and ^(23) |KK1 IFNO09| . If M is not invertible, we 
have M°P Kyi M ~ ©ilNfi as 23-23-bimodules. A topological particle pass the wall always pull 
strings labeled by iNfi. The real tunneling process amounts to cutting all the strings with 
non-trivial labels iNfi (except 23) and setting the particle free, and is given by the functor 
R'^ oL. 

It is known that 2D domain walls between two closed phases 63 and D 3 , i.e. two unitary non¬ 
degenerate braided fusion 1-categories, are classified by Lagrangian algebras in C 3 K 2 ) 3 , where 
D 3 is the same braided fusion 1 -category as D 3 but with the braiding defined by the anti-braiding 
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of 2 ) 3 . If the bulk-to-wall maps are C 3 —>■ £2 ^— 2 D 3 , or equivalently, 63 D 3 - > £ 2 , then 

the Lagrangian algebra is the determined by (L Kl i?)^(l£), where (L Kl i?)^ is the right adjoint 
functor oi LMR and l£ is the tensor unit of £ 2 - We expect that the same result holds for higher 
dimensional cases but with unitary (braided) fusion 1 -categories replaced by unitary (braided) 
fusion n-categories. 

Remark 3.16. Gapped domain walls in two closed 3D topological orders A-i and 233 can all be 
obtained from condensations of lower dimensional excitations. When = 233, such walls are 
not elementary and should be excluded in the minimal categorical description of the topological 
order [KW]. 

Remark 3.17. Gapped boundaries, walls or defects in TQFTs have been extensively studied 
from various perspectives in literature (see for example |FrFRSl IMWi IKS2[ IDKR2[ IFSVli IFSV21 
IFVl IFS] and references therein). 

4 The category of topological orders 

In this section, we first explain the uniqueness of the bulk of a give gapped boundary theory in 
Sec. l4.ll This uniqueness defines the bulk , denoted by Z„(C„), of a given boundary C„. Then 
we use it to give a physical definition of the notion of a morphism between two topological orders 
of the same dimension in Sec. 14.21 We discuss higher morphisms in Sec. 14.31 

4.1 The unique-bulk hypothesis 

In general, an anomalous nD topological order Gn can always be realized as a defect in a higher 
dimensional (possibly trivial) topological order. This realization is almost never unique. But we 
can always reduce it via a process of dimensional reduction to a gapped boundary of a closed 
(n-k 1)D topological order (see Fig.[T]). We believe that such obtained closed (n-k 1)D topological 
order is unique. We denote the unique bulk topological order by Z„(C„) and refer to it as the 
bulk of C„. 

Actually, it is an immediate consequence of Def. 12.11 The key of this proof is that when 
an anomalous nD topological order is realized as a boundary of an (n + 1)D topological order, 
it should remain the same nD phase in an arbitrary neighborhood of the boundary (see [KWl 
Lem. 2]). However, it is unclear if the microscopic definition Def. 12.11 is equivalent to the macro¬ 
scopic definition by the fusion and braiding properties of its topological excitations. For this 
reason, we would like to refer to the uniqueness of the bulk as the unique- bulk hypothesis. We 
would like to provide more evidence of this hypothesis from the macroscopic point of view. 

A closed 2-klD topological order is given by a unitary braided fusion 1-category, which is also 
a unitary modular tensor category (see for example [ENO021 IKi21 IDGNOj l. An object in this 
1-category is also called an anyon. If the 3D topological order is exact, then it is given by the 
Drinfeld center ^ 2 ( 2 ) 2 ) of a unitary fusion 1-category 2 ) 2 . The phase Z 2 {T> 2 ) can be realized as 
bulk excitations in a Levin-Wen model with a gapped boundary with the boundary excitations 
given by D 2 |KK) . If a non-degenerate unitary braided fusion 1-category 63 is another bulk of the 
same boundary theory 'D 2 , then it is clear that the bulk-to-boundary map, a monoidal functor 
L : C —2) factors through Z{T>) [FSV 1] . i.e. there exists a unique braided monoidal functor 
L : C —!> ^ 2 ( 22 ) such that following diagram: 

63 ---^ 2 ( 2 ) 2 ) 



2)2 
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is commutativ^. To show that L must be a braided monoidal equivalence we assume that a 
gapped boundary of a topological order can be obtained by an anyon condensation. If the bulk 
phase is described by a non-degenerate braided fusion 1-category C, an anyon condensation is 
determined by a connected commutative separable algebra A in C, and the condensed phase is 
the given by the non-degenerate braided fusion 1-category of local A-modules in C, and the 
quasi-particles confined on the gapped domain wall by the fusion 1 -category 6 ^ of ^-modules in 
e US]. Moreover, we have 

eK^~Z2(eA). 

When the condensed phase is trivial, = Jfilb, we obtain C = ^ 2 ( 6 ^)- This gives a proof 
that, in 2-l-lD, the hulk is uniquely determined by the Drinfeld center of the gapped boundary 
theory. 

To generalize above results to higher dimensions, we need develop a theory of condensation 
in higher dimensions. A possible approach via higher category theory is outlined in Sec. [3 In 
particular, we expect that a lot of above results also hold in higher dimensions with unitary 
braided fusion 1 -categories replaced by unitary braided fusion n-categories. 

From now on, we assume that the bulk of an nD topological order Gn is unique and is denoted 
by Z„(C„). As a special case of (j3.8L we have 

Pn{2n{Gn)) Gn = Gn- 

An immediate consequence of the unique- bulk hypothesis is the following identity 

z„+i(z„(ej) = i„+i, (4.1) 

which leads to some interesting complexes and cohomology groups [KWj . For example, the 
Witt group of non-degenerate braided fusion categories |DMNO) can be understood as the 3th 
cohomology group of a special complex [KW] . The result given by Eq. (14.111 is somewhat dual to 
the well-known fact that the boundary of the boundary of a manifold is empty. We hope that it 
leads to more mathematical results in the future. 

4.2 A morphism between two topological orders 

In mathematics, a morphism of a mathematical structure preserves the structure. It is reasonable 
that a morphism of between two nD topological orders should preserve the universal fusion¬ 
braiding properties of topological excitations [KWj . So we expect that such a morphism is given 
by a unitary n-functor preserving the units. 

There are some drawbacks of above definition. First, its physical meaning is not evident. 
Secondly, it depends on the categorical formulation of a topological order. Thirdly, it is not 
convenient to use for our purpose. So in this work, we would like to propose a physical definition 
which is independent of the mathematical formulation of a topological order. Note that a unitary 
n-functor describes a universal process of mapping excitations in one phase into another. This 
universal mapping process should be physically realizable. So we would like to define a morphism 
to be a physical realization of the universal mapping process. One way to achieve it is to let 
these topological excitations in C„ to pass a region of spacetime in which the universal mapping 

®It implies that Z 2 (I> 2 ) = 6 Kl C' IDGNOI . where & is the centralizer of the full subcategory G in ^ 2 ( 2 ) 2 ). If 
the boundary D 2 is trivial, i.e. D 2 = I 2 , then C must be trivial as well. This result can be generalized to higher 
dimensions. The notion of center is defined by its universal property (see Thm. EU, by which, there is a canonical 
map from any closed bulk Cn+i of a boundary Dn to the center ZniDn) of Dn- This map should preserve all 
the fusion and braidings. If Dn = In, then Zn(X>n) = In+i- Since Cn+i is closed, all excitations except the 
vacuum have non-trivial braiding with other excitations. The map Cn+i —>■ In+i, preserving all the braidings, is 
impossible unless Cn+i = In+i- 
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process is realized. This spacetime naturally has dimension n + 1 or higher. What it suggests is 
that a morphism can be realized by physics in at least one-dimensional higher. 

We introduce a physical definition of an isomorphism between two nD topological orders 
and Tin- 

Definition 4.1. An isomorphism a : Sn —>■ 1>n is an invertible gapped domain wall viewed 

as an (n — 1)D topological order, between the Cn-phase and the Dn-phase. We also denote the 
trivial domain wall Pn-i(Gn) in C„-phase by ide, i.e. ide = Pn-i(Gn)- 

Remark 4.2. Above definition is completely physical and independent of the categorical defini¬ 
tion of a topological order. But from the perspective of Def. l2.2ll an isomorphism should be an 
invertible unitary n-functor. Example ld. 141 provides the proofs of a few low dimensional cases. 

By our definition, an isomorphism a itself is an (n — 1)D domain wall. For this reason, we 
also use the notation Un-i := a to remind readers of its dimension. The composition of two 
isomorphisms £„ £» is defined by the fusion of two gapped domain walls, i.e. 

6 o a := a„_i. (4.2) 

Notice that the identity isomorphism indeed behaves like the usual identity maps. The compo¬ 
sition of isomorphisms is associative. 

Definition 4.3. A morphism / : C„ —)• 2)„ is a pair f^li) such that 

1. /,1°^ is a gapped domain wall, viewed as an nD topological order, between two (n -I- 1)D 

topological orders and Z„(Dji), 

2. fn\ ■ fn'^ ^ 2 „(e„) Cn ^ is an invertible domain wall, viewed as an (n — 1)D topological 
order, between fn'^ Kl 2 „(e„) C„ and !D„. 

The physical configuration associated to this morphism can be depicted as follows: 


(4.3) 

Gn. 

Note that we must have Zn{fn'’) = Z„(C„) K1Z„(!D„). For simplicity, in most parts of this work, 
we make implicit and use the following simplified picture instead. 

2„(D) ^„(e) e„ 

• • (4.4) 

Remark 4.4. In Def. l4.3l and in (14.4L we chose to put Z„(C„) on the left side of C„ according 
to the orientation convention in Levin-Wen models (see Fig. 0). 

Remark 4.5. Although our definition of a morphism between two topological orders comes from 
our physical intuition, it does remind us of the notion of mapping cylinder in mathematics. This 
coincidence is perhaps not accidental because the low-energy effective theory of topological order 
is generally believed to be a TQFT. 
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Example 4.6. We give a few examples of morphisms that will be used later. Let C„ and 2)„ be 
two simple nD topological orders. 


1. We consider a special isomorphism ide„ : C„ —>■ C„. It is nothing but the trivial domain wall 
ide„ in a C^-phase. It can be re-expressed as a morphism ide„ = (Pn(^n(Crt)), ide„), where 
(ide„)|j'ii is defined by the canonical isomorphism (ide„)|j'^i ■ PniZ„{Cn)) ^ 2 „(e„) 6™ = 


2. Let a : C„ —> 'D„ be an isomorphism. It can be re-expressed as a morphism: a = 

(P„(Z„(e„)),a), where : 6 P„(Z„(e„)) = e„ A D„. We show in Prop. l4.I6l 

that isomorphisms are the same as invertible morphisms as expected. 

3. There is a unit morphism 6e„ : In ^ Gn defined by te„ = (Cn,ide„)- 

4. There is a bulk-to-boundary map Zn{Gn) Cn- This map can be defined as a morphism 
r : Pn{Zn{Gn)) -)• as follows: 

r := {Pn{Zn{Gn)) ^ e„, 


Note that Z„(P„(Z„(C„))) = Zn{Gn) ^ 'Z„(C„). The physical configuration associated to 
(P„(Z„(e„)) M e„) ^z„iP„{z^(e^))) Pn{Zn{Gn)) is depicted in the following picture: 



5. A bulk-to-boundary map can be enhanced to an action Z„(C„) Kl C„ —)• C„, which can be 
defined by a morphism p : P„(Z„(C„)) Kl C„ —C„, which is given by the following pair 

p := (P„(z„(e„)) 


where Pnli is given by 

(P„(Z„(e„)) K Pn{Zn{Gn))) ^ Z^ie,^W Z^{e„W Z^{e„) iPn{Zn{Gn)) ^ Cn) = Gn G 
The associated physical configuration is depicted in the following picture: 

z„{e) Pr,{z„ie)) 



Pn{Zn{Gn)) = P„(Z„(e„)) K 1„ > P„(Z„(e„)) K 
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6. It is intuitively clearly that there should be a natural morphism f : ^ '^n ^yi„+i Cm 

where A^+i is not necessarily closed. The definition of / is shown in the following picture. 


ZA'^) 



where fn'^ = Pn{2n{Gn)) and := ^yi„+i Cm This morphism can be 

obtained from a dimensional reduction process depicted in Figure[T51 

The composition of morphisms can also be defined. 

Definition 4.7. Two morphisms C A- D -^ £ can be composed to a morphism 5 o / = C —>■ £ 
dehned by 


gof:= (5(0) C„ 




( 1 ) 


£ 


). (4.6) 


Lemma 4.8. The composition of morphisms is associative and unital, i.e. ho {g o f) = {ho g) o f 
and ide„ ° f = f = f ° idD„ for all composable /, g, h. 


In above Lemma, the associativity and the unital properties hold on the nose. It amounts to 
say that we assume the Minimal Assumption on the categorical side. In this case, we obtain a 
1-category of simple nD topological orders with 1-morphisms defined by Def. 14.31 Notice 

also that the trivial phase 1„ is an initial object in and the map P„_i(—) introduced in 

Sec. 13.21 defines a functor P„_i : TO{“" —)• 

Remark 4.9. A morphism can be viewed as a physical realization of a particular universal 
process of mapping excitations in C„ to We believe that the set of equivalence classes of 
physical realizations maps surjectively onto the set of universal mapping processes. Logically, 
there is no problem if the map is not one-to-one. It is exactly the case if we consider more general 
physical realizations introduced in Sec. lA.3l On the other hand, the notion of a morphism is very 
special among all physical realizations (see Pron. lATSl) . Ideally, we hope that the map is bijective. 
This amounts to show that the identity £„ K2„(e„) fixes £„ up to isomorphisms. In 

this Remark, we would like to argue physically that this is reasonable. For simplicity, we assume 
that C„ and Tn are simple. The idea is to show that the right nD boundary of the physical 
configuration £„ Kl2:„(e„) Cn can be replaced by Z„(C„) by a physical process. Consider the 
physical meaning of the expression 6 C°p. Note that the subscript C„ Kl C°p is a two¬ 

layered nD systems and depicted as the upper/lower semi-circle in the first figure in Fig.[8l If 
the expression C Klggieop C°p indeed has a physical meaning, then C must be viewed as two 
(n — 1)D phases (recall R.emark r3.4|) and depicted as the two dark “points” in the first figure 
in Fig. IS] Then the expression C Klggigop C can be viewed as the boundary of the hole in the 
first figure in Fig.[8l Moreover, this hole embedded in the Z„(C„)-phase should be viewed as an 
excitation of codimension 2 in the 2„(C„)-phase and can be absorbed by the boundary £„ (see 
the second figure in Fig. [5]). Equivalently, regarding a neighborhood of the hole as the (n — 2)D 
topological order P„_2(.Z„(C„)) = Z„(C„) (recall Remark !?^ . above arguments suggest the 
following identities: 


D 


n ^e„Kie° 


e ~ £ 

'^77. — L.’r 


,(e„) Cra ^2„(e„) '2„(C„) — 8,^, 


(4.7) 


where we have used C„ ~ C°p as C„-bimodules due to the unitarity. This implies the uniqueness 
of £„. The evidence of above arguments can be found in the case n = 2. When n = 2, C2 is a 
unitary fusion 1-category, and ^2(62) is the Drinfeld center of C2, and we have 62^ ~ 63®'' as 
unitary fusion 1-categories. Then the category C2Kleg]erev C2, usually called Hochschild homology, 
coincides with the Drinfeld center ^2(62) = C2'’ Klggierev 6 of 62- So the identity (I4T1) holds 
precisely in this case. More details will be given elsewhere. We expect that the same result holds 
for unitary fusion n-categories. 
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2 „(e„) 

Ct.* *e°p 

£n 

0 

^ 2„(e„) 




Cn ^e„Kie°p £n ^2:„(e„) Cn ^e„Eie°p 

Figure 8: Above two figures illustrate the physical interpretations of CKIggieop C°p and £„K 2 „(e„) 
C„ Klggieop C°P, respectively. They are explained in Remark H^ 


The following result follows from Def. l4.3l immediately. 

Theorem 4.10. Let / : C„ —?> I)„ be a morphism. If Gn is closed, then Dn = C„ Kl £„ for some 
nD topologieal order En- IfUn is also closed, so is En- 

Remark 4.11. For simple ID topological orders, Thm ll.lOl reproduces a classical result. More 
precisely, if there is an algebraic homomorphism / : Mmxm —t Mnxn, then we must have 
Mnxn — Mmxm Mkxk, where n = mk and the subscript C of 0 should be viewed as the 
usual center of the matrix algebra Mmxm- 

Remark 4.12. When n = 3, a closed 3D topological order can be described by a non-degenerate 
unitary braided fusion category C 3 . It is reasonable that a morphism between two such topological 
orders C3 and D3 is equivalent to a braided monoidal functor / : 63 — 5 > D3 preserving the units. 
It is known that / is fully-faithful and D 3 ~ 63 K C3, where C3 is the centralizer of C3, i.e. the 
full subcategory of ©3 consisting of all objects x such that Cy^x ° Cx,y = id^^giy for all y G ©3 
PCT 3 IIDGNO] . 

4.3 Higher morphisms and the {n + 1, l)-category 

One can also introduce the notion of a 2-isomorphism between two morphisms. We need it only 
in Sec. lA.2l 

Definition 4.13. Let /, y : C„ —)• ©„ be two morphisms between two simple nD topological 
orders £„ and ©„. A 2-isomorphism </) : / y is a pair 4’^^'^) such that 

1- (fn-i ■ (n — 1)D invertible gapped domain wall between fn^ and gn\ 

both of which are domain walls between Zn{Cn) and .E„(©„). 

2. (l>n -2 ■ 9n-i ° i4>n-i idcp) ^ /n -1 is an (n — 2)D invertible gapped domain wall 

between two associated (n — 1)D domain walls. 



In this case, we denote f — g. 

Example 4.14. Every morphism f : In ^ Gn is canonically 2-isomorphic to the unit morphism. 
Actually, the pair ididg^) defines a 2-isomorphism if : ^ f. 
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Remark 4.15. In general, two morphisms / and g are not isomorphic, even if fn'^ ~ gn^ ■ 
However, if fn'^ ~ gn \ then there always exists and g^li such that the diagram (14.81) is 
commutative, i.e. f — g. For example, one can simply define f^li ■= dn-i ° i4‘n-i ^ 2 „(e„) ide„)- 

Proposition 4.16. A morphism f : Cn ^ identical to an isomorphism if and only if there 

is a morphism g : Dn —>■ Cn such that g o f ~ ide„ and / o g ~ idD„ ■ 

Proof. Only the sufficiency needs to be proved. Suppose gof ~ ide„ and fog ~ idii„. Then f^°'> 
is an invertible domain wall between Z^iDn) and Zn{Gn). It is just a matter of convention how 
we identify Z„(Ti„) with Z„(e„). Using /(°), we can identify ZniDn) with Z„(C„), then 
can be viewed as a domain wall between and C„ (recall Def. l6.2l) . Moreover, it is invertible. 
So / is nothing but the isomorphism f^^\ □ 

(k) 

By induction on dimensions, we define a fc-isomorphism (f —> tp between two (fc — 1)- 

isomorphisms (p.tp : f g as a pair of (n — A: + I)D and (n — fc)D invertible 

gapped domain walls between associated domain walls. In this way, we obtain an (n + 1,1)- 
category of nD topological orders, denoted still by An (m, l)-category is an m-category 

with only invertible fc-morphisms for fc > 1. 


5 The universal property of the bulk 

In this section, we prove that the bulk satisfies the same universal property as that of the center 
(of an algebra) in mathematics. Namely, bulk = center. It is the main result of this paper, and is 
completely independent of the precise mathematical formulation of a topological order. We also 
explain why the universal property leads to the usual notion of the center, at last, we show that 
the morphism defined in Def. l4.3l coincides with the usual notions of morphisms in mathematics 
by assuming bulk = center. 


5.1 The universal property of the bulk 

The action p : P„(Z„(C„))KIC„ ^ C„ is unital, i.e. po(t 2 :„(e„)^ide„) = idcni which is equivalent 
to the commutativity of the following diagram: 


p„(z„(e„)) K e„ 



We would like to show that the pair (P„(Z„(C„)), p) satisfies the universal property of center that 
determines the pair up to unique isomorphism. As a consequence, Z„(C„) = (P„(Z„(C„)),p). 

Theorem 5.1. The pair {Pn{Zn{Cn)), p) satisfies the following universal property of center. Let 
(3^71) /) another such a pair. In other words, X„ is an nD topological order and f : ^ 

C„ a morphism such that the following diagram 

x„ K e„ (5.2) 
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is commutative. Then there is a unique morphism f : X„ —^ Pn{Zn{&n)) such that the following 
two diagrams 

X„ Pn{Zn{Gn)) ^ Cra (5-3) 



are commutative. The notation “3\” means “exists a unique”. 

Proof. The physical configuration associated to the composed morphism / o (6x„ ^ ide„) is 
depicted in the following picture. 



(5.4) 


So, the commutativity of (15.21) amounts to the identity X„ Kl2:„(x„) = idgj = PniZ„{C„)). 

Notice that the pair idp^(2:„(e„))) defines a morphism / : X„ —>• Pjj(Z„(C„)). Clearly, we 
have tp„(2:„(e„)) =/ oix„- 

Now we draw the physical configuration associated to the composed morphism po (/Klide„) 
as follows: 



(5.5) 


where three green “dots” are all labeled by Pn{Zn{Gn))- By deforming the pictures topologically, 
we see that po (f M ide„) = /■ This proves the existence of /. 

It remains to prove the uniqueness of such /. Assume a morphism g : Xn ^ Pn{Zn{Cn)) 
satisfies (•p„( 2 :„(e„)) = 9 ° and p o (^gM ide„) = /. From the former identity, we obtain the 
identities X„ Mz^(Xr,) 5^°^ = Pn{Zn{Gn)) and = idp„( 2 :^(e^)); from the latter, we obtain 
That is, g = f. □ 

Remark 5.2. In Thm l5.ll we have used only strictly commutative diagrams by the Minimal 
Assumption (see Remar k |2.291) . If we want to relax this condition by considering higher isomor¬ 
phisms, the universal property of the center is much more complicated [L3) . We briefly discuss 
it in Sec. lA.2l 

5.2 The universal property and the mathematical notion of center 

The universal property stated in Thin. [ST] is exactly the universal property of the notion of 
center in mathematics. This universal property defines the center up to isomorphisms. In this 
subsection, we try to explain this well-known fact to physical-minded readers. 

We first explain the notion of center for an ordinary algebra over C. Let A be an algebra over 
C. The center of A is usually defined by 

Z{A) := {z € A\za = az,\la G A}, (5-6) 
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which is a (commutative) subalgebra of A. But this notion can be redefined by its universal 
property. Consider another algebra B. The tensor product B®A has a natural algebra structure. 
If there is an algebra homomorphism f : B (g> A ^ A, then B must satisfy some special property. 
For example, the obvious action m : A 'S> A ^ A, defined by m{a 0 6) = ab, is not an algebra 
map. To see this, take l(8)a, 6(8>l€A(g)>l. On the one hand, we have 

to(( 1 (8> a) • (& (g) 1)) = m{b ® a) = ha. (5.7) 

On the other hand, 

m{l® a) ■ m{b®l) = ah. (5.8) 

Therefore, the multiplication map m : (g) A —>■ A is not an algebra map if A is not commutative. 

However, Z{A) (g) A A is an algebra homomorphism. Moreover, the following diagram: 

Z(A)^A (5.9) 



where i-z(A) '■ C -A Z(A) is the unit map, is commutative. The pair (Z(A), Z(A) (g) H A) 
satisfies the following so-called universal property: if B is an algebra and f : B (g) A ^ A is a, 
unital action and an algebra map, there is a unique algebra map f : B ^ Z{A) such that the 
following diagram: 

Z(A)(g)A (5.10) 



is commutative. This is true because the restriction / := /(—, 1) : H —>■ H is an algebra map, 
/(I (g> a) = a, and we have 

f{b 0 a) = f{{h (g> 1) • (1 (g a)) = /(&) • /(I 0 a) = l{b)a 

=/((I ® a) • (6(g 1)) = a/(5), (5.11) 

i.e. f{b) G Z(A). Therefore, f : B ^ is an algebra map and the diagram (I5.10|) is 

commutative. The uniqueness of / is obvious. 

Conversely, the universal property determines the center up to canonical isomorphisms. 
Namely, any algebra Z, satisfying the universal property, is canonically isomorphic to the al¬ 
gebra Z(A) defined by Eq. (15.61) . 

The universal property also implies that there is a canonical isomorphism 

hom(i3 (gc A, A) ^ hom(i?, Z{A)), 

where both “horns” are sets of algebra homomorphisms. It provides a useful characterization 
of the center Z{A) as an internal horn. Another useful characterization of Z{A) is the set of 
A-A-bimodule maps from A to A, i.e. Z{A) = hom^|^(A, A). 

The notion of center can be defined in very general context. Jacob Lurie introduced the notion 
of center for an Efe-algebra object in a symmetric monoidal oo-category [L3| . What we need in 
the study of topological orders are some special cases of Lurie’s general notion. We discuss some 
examples below. 
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Example 5.3. Recall Example l2.23l a OD topological order Cq can be defined as a finite dimen¬ 
sional Hilbert space U with a distinguished element u, Cq = {U,u). Cq can be viewed as an 
Eg-algebra [L3]. In this case, the Kl is just usual tensor product of Hilbert spaces. We have 

hom(Xo (8>c Co, Go) ~ hom(Xo, homc(eo, Cq)), 

where both sides are sets of Ep-algebra homomorphisms, i.e. linear maps that preserves the 
distinguished elements. Therefore, we have the center .^o(Co) = homc(Co,Co), which a simple 
ID topological order. This center is an Ep-center. 

Example 5.4. A ID topological order Ci is a semisimple algebra over C. Its bulk Zi(Ci) is the 
Zi-center Zi{Gi) = homej|e^(Ci, Ci), i.e. the usual center of an algebra over C. 

Example 5.5. If we use the 2-codimensional definition of a ID topological order, it is given by 
an Ep-algebra Ci = (M,m), where M is a unitary 1 -category and m is a distinguished object in 
M. In this case, all arrows in diagrams (15.21) and (15.31) are unitary l-functors that preserve the 
distinguished object, and Kl is the Tambara’s tensor product over the unitary fusion 1-category 
TCilb. Then we have 

Tun(Xi K 61 , 61 ) ~ Tun(Xi,Tun( 6 i, 6 i)), (5.12) 

where both sides are categories of unitary 1-functors preserving the distinguished objects. There¬ 
fore, we must have Zi{Gi) = 3'un(6i, 61 ) (an Ep-center). As a special case, in Fig.[5](b), we have 
£2 = Ei(Tune(M, InT)). So the boundary-bulk relation also holds in Fig.[^(b). 

Example 5.6. A 2D topological order is given by a unitary multi-fusion 1-category 62 . Let 
^ 2 ( 62 ) be the Drinfeld center of 62 and m : ^ 2 ( 62 ) Kl 62 —S' 62 the tensor product functor. Then 
the pair (^ 2 ( 62 ),™) satisfies the universal property in Thm. lOI i.e. 

^2(62)^ 62 ( 5 . 13 ) 



where D 2 is a monoidal 1-category and / is a unitary monoidal 1-functor. Note that the functor 
/ = /(— Kl Ig^) : D 2 —>■ 62 dehnes a unitary monoidal 1 -functor. / being monoidal requires that 

each object g{d) G 62 acquires a half braiding, i.e. an isomorphism x^f{d) —^—> f{d)®x for all 
a; G 62 , satisfying some natural properties. As a consequence, / defines a functor / : ©2 ^ ^ 2 ( 62 ) 
such that Diagram (15.131) is commutative. The uniqueness of / is obvious. The Drinfeld center 
^ 2 ( 62 ) of 62 can be equivalently defined by ^ 2 ( 62 ) := Tune|e( 6 , 6 ). In this case, the functor m 
is given the evaluation functor {F,x) 1 — 5 > F(x). 

Example 5.7. Let 63 be a (unitary) braided fusion 1-category, which is an E 2 -algebra. We 
replace all categories in (15.131) by (unitary) braided monoidal 1-categories and all arrows by 
(unitary) braided monoidal 1 -functors, then it is easy to show that the image of the functor 
/ = /(— Kl Ig) : © —>■ 6 consists of object x G 6 that are symmetric with all objects in 6, i.e. 
Cy^x °Cx,y = ida;ig)y for all y G G. This universal property defines the centralizer (or the E 2 -center) 
of 6 , denoted by 6 '. If 6 is non-degenerate, we should have ^ 3 ( 63 ) = 6 ' = I4 by Coniecture l2.18l 
When 6 is not non-degenerate, ^ 3 ( 63 ) does not coincide with 6 ' (see Remar k lS.91) . The centralizer 
(or E 2 -center) of a (unitary) braided fusion n-category can be defined by the same universal 
property. 

Remark 5.8. All above examples are special cases of a more general principle: an E^-center 
of an E„-algebra is automatically an E„+i-algebra (see |L3]L But an E„-algebra only describes 
particle-like excitations. In the study of topological orders, by adding excitations of all codimen¬ 
sions, only Efc-algebras for fc < 2 matter. 
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Given an indecomposable unitary multi-fusion n-category for n > 0, the Z„_|_i-center Z„_|_i (C„+i) 
is defined by 

■^ra-i-i(Cn+i) = lf^une|e(C, C), (5-14) 

where lf'une|e(C, 6) is the n-category of unitary C-C-bimodule functors and is believed to be a 
unitary braided fusion n-category (recall Coniecture l2.11l) . There is a natural evaluation functor 
ev : Zn+l{Sn+l) ^ Gn+l Gn+1 defined by T" Kl a; —> F{x), which is unitary and monoidal. 
Moreover, the pair (Z„_|_i(C„_|_i), ev) satisfies the universal property of center: 

Zn+l{Gn+l) ^ C „+1 (5.15) 



in which the diagram is commutative (up to higher isomorphisms), for any unitary fusion n- 
category and a unitary monoidal n-functor / (or a unitary (n-l-l)-functor). This Z„-center 
is an ill-center. See |BN] for the center of a monoidal 2-category and m for general situations. 

Remark 5.9. This remark is due to Jacob Lurie. There is a notion of center for an ilfe-algebra 
object in a symmetric monoidal oo-category m Sec. 5.3.1]). When we take the cx)-category 
to be the oo-category of (oo, n)-categories with some additional structures, we get a notion of 
center Z{—) for an ilfc-monoidal (oo, n)-category. This center is automatically an iJfc+i-monoidal 
(oo, n)-category and given by Eq. ()5.14l) for k = 1, and by the same formula for k > 1 but with the 
bimodule replaced by Efe-module. If C is an Efe-monoidal (oo,n)-category, then home(le,le); 
where le is the tensor unit of C, is an -monoidal (oo,n — l)-category. Using the results 
proven in Sec. 4.8 in [L3) . one can show that 

Z(home(le, le)) - homz(e)(lz(e)> lz(e)) 

as iilfc+ 2 -monoidal (oo,n — l)-categories. In general, Z(home(le, Ig)) is not enough to recover 
the Efc+i-monoidal (oo, n)-category Z{G). 

Thm IS.l I simply says that the bulk is indeed the center in the mathematical sense. Moreover, 
if we assume that a morphism between two nD topological orders is equivalent to a unitary n- 
functor, then we must have Zn{—) = Zn(—). Then Eq. (14.111 leads to the following mathematical 
conjecture. 

Conjecture 5.10. For an indecomposable unitary multi-fusion n-category Gn+i (n > Oj, we 
must have Z„+ 2 (^„+i(e„+i)) = l„+ 3 . 

This conjecture is true for n = 2 |M21 IENO09) . 

5.3 Physical morphisms coincide with mathematical ones 

In this subsection, using the categorical definition of a nD topological order C„ and assuming 
Zn(—) = Zn{—), we show in a few low dimensional cases that Def. l4.3l coincide with the notion 
of a unitary n-functor. 

In OD, let {U,u) and {V,v) be two OD topological orders. Namely, U and V are finite di¬ 
mensional Hilbert spaces and u £ U,v G V. Kl is just the usual Hilbert space tensor product 
( 8 )c and the center of U is the matrix algebra End(t/). A linear map f : U ^ V from U to V 
such that f{u) = v can be rewritten as a pair (/^°\ /^^^), where = (homc(C/, U), /) is an OD 
topological order and is the canonical isomorphism 

homc(17, U) ( 8 iEnd(c/) U —> V (5.16) 
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defined by the evaluation map g®End{u) Conversely, a domain wall between End(C) 

and End(17) is an End(E)-End(17)-bimodule, which has to be a direct sum of homc(17, V). There¬ 
fore, homc(17, V) is the unique domain wall such that the isomorphism (15.161) is possible. There¬ 
fore, our physical notion of a morphism is equivalent to that of a linear map preserving the 
distinguished elements. 

In ID, for simple ID topological orders, an algebra homomorphism f : A ^ B between two 
matrix algebras A and B is only possible ii B = C (Dc ^ for another matrix algebra C (see 
Remark ld.!!!) . where C should be viewed as the center of A. It coincides with our physical notion 
of a morphism between two ID topological orders A and B. 

Consider the 2-codimensional definition of a ID topological order, i.e. an Ep-algebra (.Ai, a), 
where Ai is a unitary 1-category and a & Ai. The Zi-center of Ai is just Tun(yi,7l). A unitary 
1-functor / : (A, a) —)• (23, &) such that /(a) = b can be rewritten as a pair (/^°\/^^^), where 
j(o) _ (Jun(A, 23), /) is a ID topological order and /O is the canonical unitary equivalence: 

Tun(A, 23) Klg^^n(yl,yl) A —23 

defined again by the evaluation map g Klgrmi(yi c —^ g(c) for c G A. Therefore, our physical 
notion of a morphism is equivalent to that of a unitary 1 -functor preserving the distinguished 
objects. 

In 2D, a 2-stable simple 2D topological order can be described by a unitary fusion 1-category 
62 . In this case, it was proved via anyon condensation that the bulk of C 2 is indeed given by the 
Drinfeld center ^ 2 ( 62 ) of C 2 , i.e. ^ 2 ( 62 ) = ^ 2 ( 62 ) |Ko2) . Using this fact, we obtain a notion of 
a morphism between multi-fusion 1-categories from Def. l4.3l In [KZl Thm. 5.13], we will prove 
that this notion is equivalent to usual notion of a monoidal 1-functor. More precisely, a monoidal 
1-functor / : C —>■ 2) between two multi-fusion 1-categories C and D can be rewritten as a pair 
(Tune|e(e, / 2 )/), /(i)), where / 2 )/ is the C-C-bimodule 23 induced by / and is the canonical 

monoidal equivalence Tune|e(C,/D/) C ^ 2) [KZj . 

Remark 5.11. In general, we expect that the (n + 1, l)-category of pairs (2)„, t) with 1- 

morphisms given by unitary n-functors, 2-isomorphisms by natural isomorphisms and 3-isomorphisms 
by invertible modifications, so on and so forth. 


6 The boundary-bulk relation and the functoriality of 

The unique-bulk hypothesis and hulk = center are only parts of the boundary-bulk relation. 
For a rather complete boundary-bulk relation, we would like to propose the strong unique-bulk 
hypothesis, which extends the uniqueness of the bulk of an n-|-lD topological order to that of 
the “ bulk ” of a fc-codimensional wall for k = I,-- - ,n (see Fig.[^. This hypothesis can be 
true if we generalize the microscopic definition of a topological order fDef. l2.1l) to a (potentially 
anomalous) wall on the bottom boundary in Fig. |9] (such as a„-i,bn-i,Cn-i)- We assume this 
strong unique-bulk hypothesis in this section. 

6.1 Closed and anomalous domain walls 

In Fig.[9l note that X„ is not the bulk of a„_i but uniquely determined by On-i- We define 
2inli(an-i) '■= Xn- Note that Un-i can be viewed as a closed wall between A„ and X„ ^2:„(®„)23„ 
or a closed wall between A°p X„ and 23„. It is not a closed wall between An and 23„ 

unless X„ is trivial. 
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Figure 9: The strong unique-bulk hypothesis says that, in above physical configuration, not only 
the (n+l)D bulks Z„(^), Z„(®), Z„(C) and Z„('D) are uniquely determined by jd, 21,6,2), 
respectively, but also the nD domain walls is uniquely determined by (^,a, 23), and by 
(23, b, 6 ), and 2i„ by ( 6 , c, D). We also denote X„ by 


Definition 6.1. A domain wall On-i between the A^-phase and the 23„-phase is called Morita- 
closed if X„ is invertible; it is called closed if Z„(A„) = Z„(23„)@ and X„ = idz^(An)'^ i® called 
anomalous if X„ is not invertible. 

Definition 6.2. If two simple topological orders A„ and 23„ are connected by a Morita-closed 
gapped domain wall an-i, then we say that they are Morita equivalent, denoted by A„ ^ 23„, 
and the Morita equivalence is given by a„_i. When A„ and 23„ are both closed, the Morita 
equivalence is also called the Witt equivalence [DMNOl IFSVli IKo21 IKW] . 

By the definition of Morita equivalence, we have 

A„ ~ 23„ ^ Z„(A„) ~ Z„(23„). (6.1) 

This physical result is also natural mathematically. In mathematics, Morita equivalent algebras 
in a certain nice monoidal category always share the same center. Actually, it is also interesting 
to consider another direction. In general, Z[A) ~ Z{B) does not imply A ^ B. But if we assume 
certain duality structures on A and B, then it is possible. We give a couple of examples below. 

1. In ID, if A and B are two finite dimensional C'*-algebras, i.e. the direct sums of matrix 
algebras, describing composite (unstable) topological orders, then A is Morita equivalent 
to B if and only if Z{A) ~ Z{B) as algebras. This result is quite trivial. But it can be 
generalized to a non-trivial one in the framework of 2D rational conformal field theory, in 
which A and B are two special symmetric Frobenius algebras in a modular tensor categories, 
then A ^ i? if and only if Z{A) ~ Z{B) as algebras, where Z{A) is the so-called full center 
of A [KRT] . 

2. In 2D, if two unitary fusion 1-categories A 2 and 232 are Morita equivalent if and only if 
their Drinfeld centers are equivalent as braided monoidal 1-categories |M11 IKiSl IENO08] . 

It seems natural to ask if the Morita equivalence is equivalent to the equivalence of Z„-centers 
for a unitary fusion n-category. It turns out that it is not true. In 3D, all closed 3D topological 
orders share the same trivial bulk , but they are not Morita equivalent (or Witt equivalent) in 
general. The discrepancy is measured by the Witt equivalence classes, which form an infinite 
group called Witt group [DMNOj . What happens is that, assuming Z„(A„) = Z„(23„), one can 
certainly glue the topological phase Z„(An) (with a gapped boundary An) with the phase Z„(23„) 
(with a gapped boundary 23„) smoothly in the n-|-lD bulk and create an n—ID wall between 
An and 23„ on the boundary. But this n—ID wall can be gapless in general. For example, a 
3D quantum hall system shares the same 4D bulk with I 3 , but the domain wall between them 

^When we say Zn(An) = we mean that we have made a choice of how we identify them. 
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Figure 10: 


A Morita-closed wall between two smooth boundaries in the toric code model 


is gapless. In general, the Witt classes of closed nD topological orders also form a group, still 
called Witt group [KWj , which measures the discrepancy between the Witt equivalence and the 
equivalence of their bulk ’s. 


Example 6.3. We give an example of a Morita-closed wall in the toric code model. Consider the 
toric code model with a smooth boundary, a 1-codimensional wall and a 2-codimensional defect 
on the boundary depicted in Fig. [101 This model is completely free of frustration. The complete 
list of mutually commutative stabilizers are given as follows: 

A _ TD _ ^Z A _ ^X ^X 

G , t>^ — G^GiqG-^iGi2^ -^13,14,15 — 


(^2,5,317 — 0’2<^5f^3'^7 J <36,17,18,19,20 — O'6'^l7'^18<^19^20- 


The excitations on the smooth boundary are given by the unitary fusion 1-category IBH 

IKK] . Since the dotted line is an invertible wall that gives the EM-duality [KKj , the neighborhood 
of the plaquette (17,18,19, 20) can be viewed as a 0-l-lD Morita-closed wall between two smooth 
boundaries. Note that moving an e/m-particle around the corner of the edges labeled by 6 and 
17 (the blue dot) turn it into an m/e-particle. Since an m-particle condenses on the smooth 
boundary, all particles condense in the neighborhood of the plaquette (17,18,19, 20). Therefore, 
the Morita-closed wall on the boundary contains no non-trivial excitations, thus can be described 
by li = TCilb. Indeed, TCilb is at the same time an invertible IRep^^-bimodule and gives a non¬ 
trivial Morita equivalence between two smooth boundaries . This Morita equivalence dfilb 
between D^ep^^ and Ikep^^ determines exactly an invertible domain wall (the dotted line) with 
wall excitations given by Tunjjepj, la^ep^ (TCilb, Jfilb), which is also equivalent to the EM-duality 
of the bulk, i.e. a braided auto-equivalence of Z 2 {lkepj_^). 


Example 6.4. We give some examples of Morita-closed/anomalous walls in Levin-Wen type of 
models enriched by boundaries and defects depicted in Fig.jTT] Let = ®2 be unitary fusion 1 - 
categories and Z 2 °\A 2 ) '■= ^ 2 (^. 2 ). Fig.fTTldepicts a lattice model with a gapped M-wall between 
^ 2 (^. 2 ) and ^ 2 ( 182 ). The wall excitations are given by unitary fusion 1-category 
which is defined as follows: 

Z^^\{M,a)) = := Tunyi|B(M, M)™''. (6.2) 

An A-module functor a G Tunyt(A,M Kl® 23) ~ M gives a defect junction between A 2 , 232 and 
2 ^ 2 ^^(M). If M is invertible, then a gives a Morita-closed domain wall between A 2 and 232 ; if 
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Figure 11: Consider a Levin-Wen model enriched by gapped boundaries and defects [KKj . The 
two bulk lattices are defined by unitary fusion 1-categories Ai and 232, respectively. The exci¬ 
tations in the left/right bulk are given by the Drinfeld center Z2(.A2)/^2(232) of The 

lattice near the wall between the left bulk and the right bulk is defined by a semisimple inde¬ 
composable .A-23-bimodule Mi, and is called the M-wall. The excitations on the M-wall are 
given by the unitary fusion 1-category := Tunyi|®(M, M)"'®'' |KK) . Two boundary 

lattices are defined by A and 23, viewed as a left jd-module and a left 23-module, respectively, 
and are called the Tl-boundary and the 23-boundary. The excitations on the ^-boundary are 
given hy A ~ Tunyi(71,^1); those on the 23-boundary are given by 23. The defect junction 
connecting the ^-boundary, M-wall and 23-boundary is given by a unitary C-module functor 
a € Tunyi (A, M Kl® 23) ~ M. 


otherwise, a is an anomalous domain wall. When a is viewed as an ID topological order, it is 
nothing but (M, a). This example shows that, all semisimple indecomposable A-23-bimodules 
are physically realizable as (potentially anomalous) ID domain walls in Levin-Wen models. Also 
note that if we fold two boundaries in Fig. [TT] upward, we obtain a vertical line with the bottom 
end given by the ID topological order (M, a). The vertical line is a 2D topological order given by 
a unitary multi-fusion 1-category Tun(M,M), which is nothing but the Z^°^-center of (Mi, a). 

Remark 6.5. We believe that higher dimensional generalization of Levin-Wen models can be 
constructed by replacing unitary fusion 1-categories by unitary fusion n-categories (see a special 
case in [WWa] and a sketch of general construction in [Waj b We believe that a large part of 
Example l6.4l fFig. ITT]) remains to be true for n > 2. 

Let An and 23„ be two simple nD topological orders. Note that {—) defines a surjective 
map from potentially anomalous (or Morita-closed) domain walls between An and 23„ to closed 
(or invertible) domain walls between 2„(A„) and Zn(‘Bn). Sometimes, a stronger result can 
be obtained. When n = 2, A 2 and 232 are unitary fusion 1-categories. In this case, Z^^^ maps 
bijectively from (potentially anomalous) walls between A 2 and 232 to closed walls between Z 2 (A 2 ) 
and ^ 2 ( 232 ) [DMNOi IKZ) (see also Thm. l6T0l) . Moreover, Morita-closed domain walls between 
A 2 and 232 are nothing but invertible A 2 - 232-bimodules. When A 2 = 232, they form a group 
denoted by Pic(A 2 ). We have the following group isomorphism [ENOOQl IKKj : 

Z^^^ : Pic(A2) ^ Aut(Z2(A2)), (6.3) 

where Aut(Z 2 (A 2 )) is the group of invertible walls between Z 2 (A 2 ) and itself, or equivalently, 
the group of braided auto-equivalences of Z 2 (A 2 ). 

Remark 6.6. The isomorphism in Eq. (16.31) is not an isolated phenomenon. In ID, if A\ is a 
simple algebra over C, this result is trivial. In 2D rational conformal field theories, what replaces 
A 2 is a simple special symmetry Frobenius algebra A in a modular tensor category. In this case, 
we also have a group isomorphism Pic(A) ~ Aut(Z(A)) |DKRI] . where Z{A) is the full center 
of A, with a similar physical meaning [FrFRSj . In the framework of 3D TQFT’s, the similar 
phenomenon was studied recently in |FS1 IFPSV] . 
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6.2 The functoriality of Zn 

In Fig.ini an anomalous domain wall a„_i between An and 25„ determines the “bulk” closed 
domain wall X„, also denoted by Similarly, we can define for (possibly 

anomalous) walls between (possibly anomalous) walls. For example, if we fatten Fig.O in the 
third directions, let us imagine an anomalous wall a„-2 between the anomalous wall a„_i. It 
is also the gapped boundary of a domain wall Xn-i between two X„-phases. Then this Xn-i is 
uniquely determined by a „_2 and denoted by Similarly, we can define for 2 < i < n 

(not for instantons i = n). In this context, we denote the bulk Zn by Zn\ i.e. Zn = zi^\ 

Definition 6.7. We define the category to be the n-category of simple nD topological 

orders with (potentially anomalous) gapped I-codimensional walls as I-morphisms, ..., and 
(potentially anomalous) gapped i-codimensional walls between (i—I)-codimensional walls as l- 
morphisms, ... instantons as n-morphisms. 

The strong unique-bulk hypothesis suggests that the complete boundary-bulk relation is 
given by the collection of maps = {Zn\Zn\Zn\ • • • , which defines a functor: 

Z„ : 70^^“ JO^losed-^all_ (g 

Note that the result (16.111 and the group isomorphism in (16..SI) are just parts of the first two layers 
of the hierarchical structures of the functor Z„. 

Definition 6 . 8 . A u-l-lD simple topological order (or an i-codimensional wall) in 
is called exact if it lies in the image of the functor Z„. 

Example 6.9. In 2-l-ID, the M-walls in Fig.[TT]is exact. 

Physically, the funtoriality of Z„ is tautological if we assume the strong unique-bulk hypoth¬ 
esis. Mathematically, it suggests that the notion of the Z„-center of a unitary fusion n-category 
is functorial if we define the domain/target categories properly. This mathematical funtoriality 
is highly non-trivial and still conjectural. 

When n = 2, Z 2 indeed gives a mathematical functor [KZj . More precisely, let MTus be the I- 
category of indecomposable multi-fusion 1-categories with I-morphisms given by the equivalence 
classes of semisimple bimodules and (Brd'^* the 1 -category of non-degenerate braided fusion 1 - 
categories ( 6 , 2 ), etc.) with 1 -morphisms given by the equivalence classes of closed multi-fusion 
bimodules (e^i)), where a closed multi-fusion bimodule is defined by a multi-fusion 1 -categories 
equipped with a C-D-bimodule structure induced by a braided monoidal equivalence Z 2 (£ 2 ) ^ 
C 3 Kl 1 ) 3 . It is non-trivial to prove that (Brd'^* is a well-defined 1-category [KZl Thm. 5.19]. 

Theorem 6.10 ( |KZ) 1. For indecomposable multi-fusion 1-categories ^ 2,232 and semisimple 
A-fB-bimodule 1-category Mi, the following assignment 

A2 ^ ^2(^2), yiMs ^ z('^(Mi) := Tun^|B(M,M)’^'=" 

defines a well-defined functor Z 2 '■ MTus —^ 23rd'^*. Moreover, Z 2 is fully faithful. 

Remark 6.11. In the Language of Jacob Lurie P], the monoidal Z2(A)-Z2(23)-bimodule 
Z^\'M) is an Ei-algebra over the if 2 -algebra Z 2 [A') Kl ^2(23). Thm. lOOl is a special case of the 
lax functoriality of the center of an En-algebra over an algebra in a symmetric monoidal 

oo-category. 

For n > 2, we expect a similar (but not fully faithful) functoriality of the center to be true 
for unitary fusion n-categories. Note that Z 3 is not faithful because there are many non-trivial 
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Figure 12: Above picture show intuitively how to define a morphism a„-i bn-i for anomalous 
domain walls a„_i and 6„_i between 7l„-phase and 23„-phase. 


1-codimensional gapped exact walls in that are mapped to trivial walls under (see 

Remar . 

We have shown that Zn'^ satisfies the same universal property as that of the center. Actually, 
in Fig.ini the Zn^- bulk of the domain wall a„_i is also some kind of center. To see this, one 
can first introduce the notion of a morphism between two domain walls between the A.„-phase 
and the iB„-phase similar to the notion of a morphism between two topological orders. Such a 
morphism Un-i —>• bn-i between domain walls a„_i and &„_i is defined by a pair 


— ^n — 1 


z(l)r 


<Pn-2 , , 

^n —1 ' ^n—l)i 


depicted in Fig. 1121 Then one can prove that the universal property of Zn'^ is the same as 
that of the center considered in the category of domain walls. We omit details here. Note 
that, mathematically, the right hand side of Eq. (16.21) is indeed a center (or an internal horn) 

(2) (3) 

in the category of bimodules. Similarly, we can show that Zn ,Zn defined for higher 

codimensional domain walls are also some kind of centers by proving their universal properties. 
Therefore, the functor Zn is indeed the center functor. 

Moreover, the strong unique-bulk hypothesis implies an “exact sequence” [KWj : 


^701 


TO W(lLl 

n+1 


^^ + 1^ CY(C\W(lll 


In particular, we expect that the identities Z^^-^{Zn\-)) = ln+ 2 -i hold not only for i = 0 but 
also for i = 1,2,... ,n — 1. The mathematical meaning of these later cases (for i > 0) have not 
been discussed before. We briefly discuss the case i = 1 below. 

Mathematically, let An+i and 23n+i be unitary fusion n-categories and (M„,a) a (poten¬ 
tially anomalous) wall between An+i and (Bn-i-i, where is a unitary n-category and an A-'B- 
bimodule. In this case, we have 


zi]l,((Mn,a)) = 7unjii^(Mn,M„y^\ (6.5) 

If An+i and (B„+i are closed, they are both unitary braided (n—I)-categories. Let be a 
unitary multi-fusion A-lB-bimodule ([KZ]). Both of the bulk-to-wall maps A —>■ M and 23 —>■ M 
factor through Zn\'Mn) = TunM|M(^)^)- In this case, we expect that Z^^^Mn) can be 
eqnivalently defined as follows: 

zii^Mn) = ( 6 . 6 ) 

where the right hand side is the full subcategory of Tunjvi;|jvi;(M, M) containing those objects that 
are symmetric to the images of An+i and 23„+i in Tun]vt|M(l3f, M). The physical meaning of the 
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definition Eq. (16.61) is quite obvious. Since, in this case, we have 


= Ar,+i K K ®„+i, 

the excitations in An+i, and !B„+i can all be viewed as excitations in It 

is clear that all three sets of excitations are mutually symmetric. 

Remark 6.12. In |L3] . Lurie defined a notion of the center for an Efc-algebra over an Ek+i- 
algebra. It will be interesting to know if it reduces to Eq. (16.61) in our cases. 

Example 6.13. The functor Z 2 is given by the mathematical functor in Thm. lSTTUl with (Mi) = 
Z 2 ^\Mi). When we apply the functor Z 3 , we obtain 




which follows from the fact that Z^iA-}) ^ ^ 2 (^ 2 ) = 9 ^un^(i)^^j|^{i)^^^(Z 2 ^^(M), and 

Eq. (16.61) for n = 3. 

In general, we expect that the following mathematical result to be true. 


Conjecture 6.14. Let An+i and (Bn+i be two unitary n-fusion categories and M„ a unitary 
indecomposable A-Ti-bimodule (a unitary n-category). Let Zn+i{A), Zn+ii'B) and Z^^^{M) be 
‘Jxaiji\ji{A,A), lFunB|B('B, 23) and Tunyi|B(M, M)“'®'', respectively. Then we have 


zi%izl^liM^)) = 


+iM)|z, 
zWdM)|zW,(M) 


(Z«3(M„),Z«,(M„))- = l„+2. 


7 Conclusions and outlooks 

Although the main result in this work is the boundary-bulk relation for topological orders in 
any dimension, another secrete goal of this work is to use this relation as a tool to determine 
what a proper categorical description of a topological order should be. As far as we can see, 
the categorical description given in this work seems works pretty well with the boundary-bulk 
relation. If this categorical description of topological orders indeed works, it suggests something 
surprising. Naively, one expect the higher dimensional theories to be much more complicated 
than the 3D theory due to the complexity of the fusion-braiding properties of higher dimensional 
excitations (see for example [WL ] ). This work, however, suggests that the higher dimensional 
theories might be similar to the 3D theory. We give two possible generalizations of the 3D theory 
below. 

1. Our theory suggests that the condensation theory in n-|-2D should be similar to that in 3D 

|Ko^ . A closed n-|-2D topological order is given by a unitary braided fusion n-category 
C „+2 with a trivial Z„+ 2 -center, a condensation should be completely determined by a 
commutative separable algebra A in C „+2 (possibly satisfying additional conditions). The 
condensed phase should be described by the unitary braided fusion n-category of local A- 
modules, and the gapped domain wall created between the original and condensed phases 
consists of confined excitations given by the unitary fusion n-category Ca of A-modules in 
C. When the condensed phase is trivial, we believe that the bulk-to-boundary functor L : 
C —?> Ca determines a Lagrangian algebra L'^{A) in 6 , where L^ is the right adjoint functor 
of L, such that the category of local L^(A)-modules in C is trivial, i.e. = lTt+ 2 . 

2. The mathematical description of a closed n-|-2D topological order enriched by invertible 
1-codimensional walls might be similar to that in 3D [BBCWI ILKWl) . It is very easy 
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to enrich a closed n+2D topological order C„_|_ 2 , a unitary braided fusion n-category, by 
invertible 1-codimensional walls. We assume that the equivalence classes of these invertible 
walls are labeled by the elements of a finite group G. In other words, G acts on C „+2 
as automorphisms. Adding these invertible 1-codimensional walls to 6 ^+ 2 , we obtain an 
extension C ^+2 of C„+ 2 . The (n-|-2)-category ^^+2 finitely many equivalence classes 
of simple 1-morphisms labeled by the elements of G and the identity element 1 € G is the 
identity 1-morphism id*. The (n-|-2)-category Gn +2 is not unitary because the 5th axiom 
in Def. IA.4l does not hold. In particular, each hom(( 7 , h) is a non-zero unitary n-category 
for g,h £ G in general. The structures of ^^+2 completely encoded in the substructure 
hom( 5 ,/i), which turns out to be a G-crossed unitary braided fusion n-category. It 
is the direct higher categorical analogue of a G-crossed unitary braided fusion 1-category 
in 3D f [DGN01IBBCW) l. In particular, the expression C ®+2 = ©/gG (©g-i/t=/hom( 5 , h)) 
gives a G-grading on Gn+ 2 ^ fusion product hom(g, h) x hom(g', h') —5> hom(gh, g'h') 

is induced from the tensor product g ® h '::i gh and g' ® h' ~ g'h'. As a consequence, 
we propose that symmetry enriched (by invertible 1-codimensional walls) closed n+2D 
topological orders are classified by G-crossed unitary braided fusion n-categories. We will 
give more details in [LKW2) . 


A Appendix 


A.l The definition of a nnitary n-category 


In this subsection, we give the definition of a unitary n-category. Before we start, we first review 
some elements of an n-category (see for example [L2)l. 

We assume that a good definition of n-category is chosen. We always use the subscript in 
Cn to indict that C is an n-category. Sometimes the subscript is omitted if it is clear from the 
context. An object in an n-category C„ is also called a 0-morphism. We also refer to C„ itself 
as the unique —1-morphism. In particular, a 0-category Cq is just the set of 0-morphisms. A 
C-linear 0-category Cq is a vector space over C. The opposite category C°p is defined by flipping 
all n-morphisms. For a C-linear 0-category Cq, is the dual vector space homc(Co,C). For 
an n-category C„, we define the homotopy 1-category hiC by the 1-category with the same set 
of objects as C and 1-morphisms given by the equivalence classes of 1-morphisms in C; we define 
the homotopy 2 -category h 2 C by the 2 -category with the same set of objects and 1 -morphisms 
as C and 2 -morphisms given by the equivalence classes of 2 -morphisms in C. 

Definition A.l. Let C 2 be a 2-category and f : x ^ y a. 1-morphism. 


1 . / is said to have a left adjoint if there exist a 1 -morphism g : y ^ x, the unit 2 -morphism 
g : ida; ^ g o f and the co-unit 2 -morphism e : / o g => idy such that 


id/ = (/ ^ / o idx ^ / o 5 o / -^ /), idg = {g ^ idx o g g o f o g g). 


el 


^ 1 , 


le 


2 . / is said to have a right adjoint if there exist a 1 -morphism h : y —)■ x, the unit 2 -morphism 
fj : idy => / o h and the co-unit 2 -morphism e : h o / => ida; such that 

idf = {f ^ idy o f f o h o f ^ f), idh = (h ^ h o idy ^ h o f o h h). 


C 2 is said to have adjoints for 1-morphisms if every 1 -morphism in C 2 has both a left and a right 
adjoint. 

Definition A. 2. Let be an n-category for n > 2. C has adjoints for 1-morphisms if h 2 C 
has adjoints for 1-morphisms. For 1 < fc < n, 6 has adjoints for /c-morphisms if, for any pair of 
objects x,y £ C, the (n — l)-category home {x, y) has adjoints for all {k — l)-morphisms. C is said 
to have adjoints if C has adjoints for fc-morphisms for all 0 < fc < n. 
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A monoidal n-category C„ can be defined by an (n+l)-category with a single object *. Namely, 
the n-category hom(*, *) is an n-category with a monoidal structure. A monoidal n-category C„ 
is said to have duals for the objects if the homotopy 1-category hi C is a rigid monoidal category. 
Then Gn is said to have duals if C„ has duals for objects and adjoints for fc-morphisms for all 
0 < k < n. It is equivalent to C having adjoints when it is viewed as an (n -|- l)-category with a 
single object. 

Definition A.3. A 1-category Ci is called finite if C is abelian, C-linear and has finitely many 
simple objects and every object is the product of finitely many simple objects. Here, an object 
X is simple if hom(a;, x) = C. 

Definition A.4. For n > 0, an n-category Gn is unitary if the following conditions are satisfied: 

1. Gn is C-linear. That is, for every pair of (n — l)-morphisms f,g:X^YinG, hom(/, g) is 
a finite dimensional vector space over C. The compositions of the morphisms in G respect 
this linear structure. 

2. Gn is finite. That is, G is closed under finite products, has finitely many simple objects, 
every object is the product of finitely many simple objects and hom(i, j) is a finite (n — 1)- 
category for simple objects i and j. Here, an (n— l)-morphism x is simple if hom(a:, x) = C, 
and a fc-morphism y, for 0 < /c < n — 1, is simple if the (fc -I- l)-identity morphism idy is 
simple. 

3. Gn has adjoints. That is, every A:-morphism, 1 < k < n, has both a left adjoint and a right 
adjoint. 

4. There is an equivalence 6 : Gn ^ C°p which fixes all fc-morphisms for 0 < fc < n, and is 
antilinear, involutive and positive on n-morphisms, i.e. 

6{Xf) = ~XS{f), 66{f) = f, foS{f) = 0^f = 0, (A.l) 

for n-morphism f : X ^ Y and A G C. 

5. For two non-isomorphic simple fc-morphisms i^^^ and hom(z[^l, jl^l) = 0„_fc_i, where 
On-fe-i is the zero {n — k — l)-category that has only the zero object and zero morphisms. 

Remark A.5. Note that hom(a;[^l,?/[^l) is a unitary (n — k — 2)-category for two fc-morphisms 
x,y € Gn- The physical meaning of the 5th axiom in Def. lA.4l was explained in |KW) . 

Remark A.6. If Gn is a unitary n-category, then Gn has a terminal object 0 as the zero product 
by definition. Since hom(a;,0) ~ hom(0,x) by duality, we see that 0 is a zero object. More 
generally, finite coproducts in G coincide with finite products by duality. In this case, such 
a (co-)product is also called a direct sum. In a unitary n-category, the direct sum x (B y (or 
the coproduct) of two objects x and y is characterized by the property that hom(z, a; © y) ~ 
hom(z, x) © hom(z, y) as (n — I)-categories for all z. 

Proposition A. 7. Let Gn be a unitary n-category containing a k-morphism f : x ^ y, 1 < k < 
n. Then the left adjoint and the right adjoint of f are canonically isomorphic. 

Proof. Let g : Y —>■ A be the left adjoint of the /c-morphism / with unit u : idy f o g and 
counit V : g o f ^ id^,. For 1 < k < n, the left (or right) adjoint of u and v, i.e. u'^ '. f o g ^ idy 
and v'^ : id^, g o f exhibit g as the right adjoint of /. When k = n — 1, 5{u) and 5{v) exhibit 
g as the right adjoint of /. □ 

Example A.8. Def. lA.4l of a unitary n-category is heavily loaded. We unravel this definition in 
a few lower dimensional cases. Recall Sec. lS.ll for the definition of 6°^. 
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1. When n = 0, Cq’’ is obtained from Cq by flipping the arrows. It makes sense if we interpret 
the vector space Cq over C as homc(C, Cq). As a result, Cg*’ = homc(Co,C). Then the 
conditions in (lA.ll) guarantee that Cq is a finite dimensional Hilbert space. 

2. When n = 1, we recover the usual definition of a unitary 1-category (see for example |M4) 1. 
which is defined as an abelian C-linear finite ^-category, where a *-category means a family 
of maps * : home (a;,?/) —>• home(y,x) (given by J) such that 

{gofr = rog*, (A/)* = Ar, r = f, vAec^ 

satisfying the positivity condition f o f* = 0^/ = 0. Note that * = 6 {—). 

3. When n = 2, a unitary 2-category is a C-linear finite 2-category having adjoints for 1- 
morphisms such that all horn spaces are unitary 1-categories and all coherence isomorphisms 
are unitary, i.e. 

Ho^f,g,h) = S{lf) = lJ^, S{rf)=rj\ S{r]) = i, S{e) = fj, (A.2) 

for 1-morphisms f,g,h, where a, l/r and are the associator, the left/right unit 

isomorphism and duality maps, respectively. Note that Eq. (jA.2|) follows from the definition 
of coherence isomorphisms in the opposite category (see Sec. 13.II) . 

4. When n > 2, the second axiom in Def. lA.4l encodes the unitarity of all coherence isomor¬ 
phisms. For example, a unitary 3-category with a unique simple object * and a unique 
simple 1-morphism id* (in hom(=i=,*)) is just the usual unitary braided fusion 1-category, 
where the braiding is unitary, i.e. S{cx^y) = c~y for x 0 j/ y 0 x. 

Definition A. 9. An n-functor 3^: Gn 3)n between two unitary n-categories C and T) is called 
unitary if T is C-linear for n-morphisms and 'J o 5 = 5 o 'J. 

A.2 The universal property of the hulk with higher morphisms 

In this subsection, we describe the universal property of the bulk with higher isomorphisms. We 
drop the Minimal Assumption (see Bemark [2.29|) . 

Now the action p : Pn(2n(Gn)) K1C„ —)• C„ is unital in the sense that there is a 2-isomorphism 
7 : P° (>'Z„(e„) ^ide„) which is equivalent to the commutativity (up to a 2-isomorphism) 

of the following diagram: 



(A.3) 


Then the universal property of the bulk becomes much more complicated. A complete definition 
was given by Lurie |L3) . We illustrate the first two layers of the structures below. 


Universal property of the bulk : The triple (Pn{Zn{Gn)), p,j) is terminal among all such 
triples. More precisely, if (X„, /,(/>) is such a triple, where X„ is an nD topological order and 
f : X„ K C„ —>■ C„ a morphism such that the following diagram: 


X„ K C„ 
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is commutative up to a 2-isomorphism 4> : f o (tXn ^ ide„) ide„> then there is a morphism 
between the triangles iA.3\) and liA.4^ given by a triple (/,«/,$/), where f : X„ —>■ S„(C„) is a 

1 -morphism and aj : po (f Klide„) ^ f a 2-isomorphism such that the following diagram: 



is commutative up to a 3-isomorphism : (/) o (id K a/) o ^ id) ^ 7 . Moreover, the 

triple (/,«/,$/) is unique in the sense that, if {g,ag,^g) is another triple, then there is an 

2 -isomorphism ■ f ^ g such that the diagram consisting of ctf and ag is commutative 
up to a 3-isomorphism such that the diagram consisting of and is commutative 

up to a 4-isomorphism And the triple is unique in a similar sense, so on 

and so forth. 

We will not prove above universal property of the bulk in this work as a complete exposition 
would lead us too far away, so we do not go further on this subject here. 


A.3 Weak morphisms 

There are more general physical realization of a universal process of mapping excitations in the 
C„-phase to the D„-phase. For this reason, we would like to introduce the notion of a weak 
morphism between two topological orders. 

Definition A.10. A weak morphism / from an nD topological order £„ to another one is 
a triple f^^\ such that 

1- fn+i is an n+lD (potentially anomalous) topological order, 

2 . fn ^ is a gapped domain wall between and other phases, 

(3) (2) ~ . 

3- fn-l ■ /" Dn is an isomorphism. 

Example A.ll. We give some examples. 

1. When T>n = Cn, the identity weak morphism idg is defined by 

ide := (In+i, l„,ide„). (A. 6 ) 


2. When a : Cn ^ 'Dn is an isomorphism, it can also expressed as a triple a = (In+i, In, a)- 
Namely, the information of an isomorphism is completely encoded in the third component 
of the triple, i.e. a = a„_i = 

3. For each nD topological order C„, there is a natural unit weak morphism 1„ C„ given 
by 

te = (In+l, Cn, In ^ Cn = Cn -^ Cn)- (A..7) 

There are morphisms between two morphisms. 
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Definition A.12. Let / and g be two weak morphisms from C„ to !D„. A 2-morphism cj) : f ^ f 
from / to f, is a pair of morphisms (a, b), where 

1. a : t ffi+i is a morphism; 

2. b : fn^ —>■ gn^ is a morphism. 

such that they can form the following triangle-shaped physical configuration 



in which all the (n -I- 2)-phases are not necessarily closed. 4> is called closed if a^n +2 closed. 

Remark A.13. The isomorphisms gl^li, and b^^-i i® ^ot explicit shown in (IA.8|) . 

Their roles can be seen by squeezing the “triangle” in (IA.8I) to a single “point”, which is the 
nD D„-phase. This collapsing process can be described by the composition of the following 
isomorphisms: 



(3) (3) 

in which the first isomorphism is induced by a„' and the second one by b^_^, and the last one 
(3) 

is defined by g^li- By choosing a different way of collapsing, we obtain the following identity: 



where the first isomorphism is defined by ^ and the second one is due to the indepen¬ 

dence of how we collapse the “triangle”. Above two mathdisplays summarize what roles the 
isomorphisms g^li, and b^^-i collapsing processes. 

Remark A. 14. Weak morphisms are not composable in general. Two morphisms between weak 
morphisms (j) : f g and ip \ g ^ h cannot be composed either. It is reasonable because physical 
realizations are not composable in general. 

If / : C„ —>■ be a morphism, then the triple (Z„(C„), is automatically a weak 

morphism, which is universal in a certain sense (see Prop. [A! 151) . In this case, a 2-isomorphism 
(p between two morphisms is automatically a 2-morphism between two weak morphisms. 


Proposition A.15. Let f : Gn ^ 'L>n be a weak morphism between two simple topological orders 
G„ and Tin. There is a morphism f : Gn ^ Tn such that there is a unique closed 2-morphism 
from f to f. 
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Xn+1 


Vn+l 


Zn(D) z„(e) 


Gn 

(b) 

(o\ 

Figure 13: We start from a physical configuration depicted in (a), in which /A Kl (i) Cn — 'Dn. Both 

Jn + l 

X„+i and ^n+i are simple and uniqueness fixed by the unique-bulk hypothesis. By folding the topless 
box anti-clockwise to the horizontal line, we obtain the physical configuration in (b). 

Proof. Let / = {fn+i,fn\fn-i) be a weak morphism C„ Using the strong unique-bulk 

hypothesis, find the unique hulk of the physical configuration of /A ' Kl ,(i) C„ depicted in Fig.fT^ 

Jn + l 

(a). Then we fold the vertical box anti-clockwise while keep the position of the “line segment” 
[fn \ fn+i:^n] fixed. Then we obtain an (n -|- 1)D physical configuration as shown in Fig.[T3] (b), 
in which the Cn-phase remains the same but now becomes a gapped boundary of its bulk Zn(Cn), 
£n = U„(y„+i) Z„(‘D„) = X„+i yn+i- Moreover, we must have 

£„ ^2:„(en) Indeed, the dimensional reduction is independent of how we squeezing 

the configuration in detail. So one can choose to squeeze the topless box in (a) horizontally, 
and obtain a vertical “line” given by S„('D„) with the bottom end given by D„. Therefore, the 
identity £„ Gn — Dn must hold. Then there is a morphism f = {£n, such that 

the above dimensional reduction process defines a closed 2-morphism from {fn.li,fn\fn-i) 1° 
(Z„(C„), £„, /A_i)- This closed 2-morphism is unique by the strong unique-bulk hypothesis. □ 



(a) 
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